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Abst rac t  

Simulation plays a vital role in analyzing DEDS. 
However, using simulation to  analyze complex systems 
can he time-consuming and expensive. Particularly, in 
the case of precise performance evaluation, computing 
budget, time constraint, and pseudo-random number 
generator limitations can become prohibitive. Ordi- 
nal optimization is an effective approach for improving 
the efficiency of simulation and optimization of DEDS. 
However, the ordinal optimization approach does not 
pay much attention to the problem of large search 
space. In this paper, for the reduction of search space, 
we propose a combined approach, ordinal optimization 
with orthogonal arrays. With this approach, the prob- 
lem of large search space in stochastic optimization can 
become more manageable. Consequently, the proposed 
method can he more efficient for the reduction of sim- 
ulation burden compared to the conventional ordinal 
optimization method. 

1 Introduction 

Most systems have been analyzed successfully based 
on calculus and differential equations, but man-made 
systems of recent invention are not easily tractable 
by calculus-based methods. Large artificial systems 
such as communications networks, automated man- 
ufacturing plants, and computer networks belong to  
this class of systems called Discrete Event Dynamic 
Systems (DEDS) [l]. For performance evaluation of 
DEDS, computer simulation is the only general pur- 
pose tool because no analytical methods exist for those 
problems. However, in the case of precise performance 
evaluation using computer simulation, computing bud- 
get, time constraint, and pseudo-random number gen- 
eration often become prohibitive. 

Many approaches have been proposed to resolve this 
problem. One of the most successful methods is impor- 
tance sampling (IS), which can speed up simulation in 
network systems significantly 1131. IS is based on the 
notion of “biasing” the underlying probability mass in 
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such a way that the events occur much more frequently. 
However, if this “biased” probability mass excludes the 
occurrence of the event of interest, the estimated value 
will be wrong, and this situation usually occurs when 
we have insufficient prior knowledge of system behavior 
(151. Most of the existing simulation methods, includ- 
ing the IS-based method, concentrate on how to obtain 
estimations of the system performance more accurately 
with less effort. But it is very difficult, if not impossi- 
ble, to pursue less effort and more accuracy simultane- 
uosly, and there is a trade-off between the two goals. 

Ordinal optimization [lo] is a recent approach for 
improving the efficiency of simulation and optimiza- 
tion of DEDS, which can resolve the problems of con- 
ventional computer simulation. Ordinal optimization 
can achieve simulation reduction by changing the no- 
tion of optimization. The idea of ordinal optimization 
is mainly based on two tenets. First, ordinal optimiza- 
tion focuses on the “order” instead of the “value” of the 
system performance. With this approach, we can re- 
duce the simulation burden dramatically [lo] 191. And 
secondly, ordinal optimization seeks for “good-enough” 
solutions, not optimal solutions [la]. This is usually 
referred to as “goal softening”, which means changing 
the goal from optimal solutions to  “good-enough“ so- 
lutions. Here, the notion of “good-enough” should he 
well defined 1121. However, ordinal optimization does 
not pay much attention to  the problem of large search 
space. Many search spaces in stochastic optimization 
are combinatorially large 181. For example, if we have 
r continuous parameters each discretized to k values, 
then the total design possibilities are IC‘.  In such a large 
search space, to get within the top-1% of a search space 
is no comfort at all. The solution within the t o p l %  of 
a search space of 10’’ still can he lo* away from the 
optimal solution, which can be very bad. 

In this paper, we suggest a novel approach for over- 
coming the problem of large search space in stochas- 
tic optimization. The ordinal optimization approach 
reduces simulation burden dramatically by shortening 
the simulation time. But, ordinal optimization does 
not consider the reduction of the given search space. 
We introduce here a combined aprroach, ordinal opti- 
mization with orthogonal arrays for the reduction of 
search space. Orthogonal arrays are a very effective 
method usually used for robust product design 141 [14] 
[5] .  Instead of searching for the full search space, the 
orthogonal array is a method that only requires a frac- 



tion of the search space. Orthogonal refers to the bal- 
ance of the various combinations of values of variables 
so that no one variable is given more or less weight 
in the experiment than the other variables. Orthogo- 
nal also means that the effect of each variable can be 
mathematically assessed independently of the effects of 
other variables. Together with orthogonal arrays, the 
analysis of means (ANOM) IS] is used to find the op- 
timal solution. ANOM employs a simple averaging of 
the output of each row in the orthogonal array to find 
the effects of each variable. With the result of ANOM, 
we can estimate the optimal solution by using only a 
fraction of the search space. 

In the following section, we briefly explain the basics 
of orthogonal arrays and the analysis of means. In Sec- 
tion 3, we present the proposed method explicitly,and 
in Section 4, we derive some theoretical result on the 
proposed method. In Section 5,  we give a simulation 
result of the proposed approach. Finally in Section 6, 
we discuss the usefulness of the proposed method. 

2 Pre l iminar ies  

In this section, we introduce orthogonal arrays and 
the analysis of means, which are very effective for re- 
ducing the number of experiments in product design 
[ 5 ] .  The orthogonal array (OA) is a method of set- 
ting up experiments that only requires a fraction of 
the full factorial combinations. The treatment combi- 
nations are chosen to provide sufficient information to 
determine the factor effects using the analysis of means 
(ANOM). Here, “orthogonal” refers to the balance of 
the various combinations of variables so that no one 
variable is given more or less weight in the experiment 
than the other variables. “Orthogonal” also refers to 
the fact that the effect of each variable can be math- 
ematically assessed independently of the effects of the 
other variables. 

Table 1 is an example of an orthogonal array that 
would accommodate a seven-variable experiment. In 
Table 1, there are seven varaibles (A to G) and each 
variable has two levels {1,2}. If we use the full factorial 
method to find the optimal combination of variables, 
we need to experiment with 128 (= Z7) rims, whereas 
the orthogonal array allows us to experiment with only 
eight runs. The procedure of using the orthogonal ar- 
ray is quite simple. As shown in Table 1, in the first 
run, all the variables are set to level 1,  and in the second 
run, variables A to C are set to level 1 and variables 
D to G are set to level 2, and so on. This array also 
can be used to illustrate the concept of orthogonality. 
level 1 and level 2 occur the same number of times in 
each column in the array. Furthermore, for the four 
rows with level 1 in column A, two rows have level 1 
in column B and two rows have level 2 in column B. 
The same can be said for the four rows with level 2 

Table 1: Example of an orthogonal array. 
Run A 8 C D E F G 

1 1 1 1 1  
1 2 2 2 2  
2 1 1 2 2  

7 1 1  2 1  

in column A. in fact, the balance of variable levels can 
be found for every pair of columns in the array. This 
balance is also illustrated for the first two columns in 
Table 1. When we compare level 1 of A to level 2of A, 
the effect of B in level 1 of A is the same as the effect 
of B in level 2 of A. 

We can compose numerous OAs, and in general, the 
OA is represented in La@‘) form. Here a represents 
the number of runs to be performed, b is the number of 
levels of each variable, and cis  the number of variables. 
The OA in Table 1 is represented as L8(27) or simply 
as L8. To determine the importance of variables us- 
ing the experimental results of OA, we use the analysis 
of means (ANOM) method. In the OA, the orthogo- 
nality guarantees that all the levels are tested equally 
and the influences from other variables are assumed to 
be equal. Therefore, the means of different levels of 
a variable are compared to determine the appropriate 
level of that variable. In the following section, we intro- 
duce the proposed method, ordinal optimization with 
orthogonal arrays. 

3 Ordinal Opt imiza t ion  w i t h  Or thogonal  
Arrays 

For the explanation of the proposed method, let’s 
consider a three-node tandem queueing network with 
Poisson arrival and exponential service time at each 
node, which is reported in [9]. Each node has a finite 
system capacity of K = 10 customers (buffer plus cu- 
tomer in service). Clearly, Node 1 shows M/M/1/10 
queue behavior, but the arrivals at Node 2 and Node 3 
are not Poisson due to buffer overflows. 

Each Node i is assigned an exponential service rate 
pi = l f p ,  where p E {0.50,0.51, ..., 0.58). Here we 
adopt a search space of size 9 9 . 9  = 729 instead of 
10.10.10 = 1000 to apply the proposed method more 
efficiently. Compared with the original problem in [9], 
the worst case, or p = 0.59, is dicarded. Since we 
can easily know this is the worst case, this reduction 
of search space is reasonable. It is inefficient, though 
possible, to apply the orthogonal array directly to this 
problem. Instead, we suggest an iterative orthogonal 
array method, in which the orthgonal arrays are ap- 
plied iteratively in two “stages.” In the first stage, we 
group each pi>  i = 1 , 2 , 3  into three subsets, which are 
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Table 2: L9(34) orthogonal array. 
Run 1 2 3 4 
1 1 1 1 1  
2 1 2 2 2  
3 1 3 3 3  

customers have completed service ot Nude 3. 
This step, along with Step 3 below is the first 
stage of the proposed method, and we take the 
median value of each subset in the first stage as 
follows: 

7 3 1 3 2  
8 j 2 1 3  
9 3 3 2 1  

{1/(0.51+0.01k), k = - l , O ,  l), {1/(0.54+0.01k), k = 
-1,0,1},and {1/(0.57+0.01k), k=- l ,O, l ) , respec-  
tively. We take the representative value of each subset 
with the value fork = 0. In the first stage of simulation, 
we make the orthogonal array with these representative 
values. And, if we let = l/E be the selected value 
in the first stage, then we make the orthgonal array 
with the values of {l / (E+O.Olk) ,  k = -1,0,1}, i = 
1,2 ,3  for the second stage of simulation. Simulation is 
stopped when a pre-specified number of customers has 
completed service at Node 3. These customers do not 
include those lost due to buffer overflow. We adopt the 
definition of PL(&) in 191: 

PL(&) = Prob(customers loss with capacity = k )  
# lost 

# lust + # completed service 
- - 

The steps we used to this problem are as follows. 

1. Obtain an appropriate orthogonal array. 
First, determine the control variables. In this 
problem, the control variables are the service 
rates, pi, i = 1,2,3. Therefore, we have three 
control variables. 
Next, determine the number of levels for each 
control variable. Here, we decide 3’ = 9 as the 
number of levels for each control variable. We 
perform Step 2 and Step 3 up to as many times 
as the power of 3, which is two in this case. We 
call each execution of these two steps a “stage.” 
The levels of p,, i = 1 , 2 , 3  are as follows: 

1 1 1  
0.51 0.54 0.57 pi E { -, -, - }, i = 1,2 ,3  

Each value represents the subset it belongs to. 
And, in the second stage, we choose the levels 
among the elements of the selected subset in the 
first stage. 

3. Select the levels by ANOM.  
Calculate the average performance of each level 
of every control variable. Then, select the level 
for each control variable by comparing the orders 
of this average performance. 

4. Repeat Step 2 and Step 3. 
We perform Step 2 and Step 3 once more for the 
second stage. 

In general, the proposed method can be summarized as 
follows: 

Step 1. Obtain an appropriate orthogonal ar- 
ray. 

(a) Determine the control variables 
(b) Determine the number of levels for each con- 

trol variable (Usually, we decide the num- 
bers in the form of 3”. Here, n will be the 
number of stages to be performed.) 

(c) Obtain an orthogonal array correspoding to 
the number of variables in (a) and appropri- 
ate levels in (b). 

Step 2. Perform simulation. 
For each row of the selected orthogonal array, per- 
form simulation until a pre-specified simulation 
time. 

Step 3. Select the best level for each control 
variable by ANOM. 

Step 4. Repeat Step 2 and Step 3 (n - 1) times. 
1 1 1  

(- - --)I 0.56’ 0.57’ 0.58 By applying the proposed method, we get only one can- 
didate for the optimal solution. This is different from 
subset selection in ordinal optimization. In ordinal op- 
timization, we can choose very good estimates by se- 
lecting not one sample, but a subset of the search space. 
This subset selection method increases the probability 
of choosing a good design [6] [SI [7] [ll].  However, if we 
apply the proposed method several times rather than 
just once, we can also form a a set of candidates for the 
optimal solution. We will dicuss about this later. 

N ~ ~ ,  determine an orthogonal array according to 
the number of variables and the number of levels, 
which are decided above, We choose L9(34) as 
the appropriate array for this problem. L9(34) is 
shown in Table 2. In this case, the last 
of the array is not used. 

2. For each row of the selected orthogonal array, per- 
form simulation until a pre-specified number of 
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4 Theoretical Result 

In this section, we derive some theoretical result on 
the proposed method. First, we define the separability 
of the objective function. Secondly we derive the con- 
vergence bound of the proposed method. 

A general problem of stochastic optimization can be 
GfiKed-as foIlOws: 

1 1 1 1 
2 1 2 2 

where 0 is the search space, 0 is the design alternative, 
J is the objective function which is the expectation 
of L,  the sample performance, and I the randomness 
in the system. When we are concerned with those real 
problems where J ( 0 )  has large uncertainty, we must es- 
timate J ( 0 )  through simulation of sample performance, 
i.e., 

E { W ,  I ) }  = L(x(t; 0, E ) )  (2) 

where z ( t ; e , Q  is a system trajectory under the des- 
gin parameter 0. Hereafter we use E{L(B)} instead of 
E { L ( B , [ ) }  for short. 
By (1) and (2), j ( 0 )  is expressed as follows: 

j ( 0 )  = J ( 0 )  +tu(@) 

= E{L(O)}  + w(0)  (3) 

where w(0)  I w ( t ; 0 )  is the estimation error or noise 
associated with the estimation of design 0. We assume 
that w ( 0 )  is a zero-mean radom variable with its vari- 
ance approaching zero as t goes to  infinity. 

Now we define the separability of the objective func- 
tion as follows: 

Definition 1: An objective function E{L(O)}  is said 
to be separable if E { L ( 0 ) }  can be ezpcpressed as a sum 
of functions of each control variable, i.e. 

n 

E{L(@)} = C E { L i ( f J i ) } ,  0 =  (@I,...,&) 

Even though the separability limits the type of sys- 
tems, this class of systems includes a number of prob- 
lems such as: 1) buffer allocation in parallel queueing 
systems where the blocking probability is the objective 
function; 2) queueing network with feedbacks where the 
mean sojourn time is the objective function; 3) cellular 
systems where the call loss probability of each cell de- 
pends only on the number of channels assigned to each 
cell 131. 

With the definition of the separability, we can derive 
the following theorem. 

Theorem 1: When the objective function is separa- 
ble for a discrete search space, the solution b y  ANOM 
and the solution b y  the full search method are same 
when t goes to infinity. 

<=I 

JI 
Jz 

3 
4 

2 1 2 J3 
2 2 1 J4 

Table 4: ANOM applied to ~ 5 4 ( 2 ~ )  orthogonal array. 
ai = 1 

( J i  + Jz)/2 
ai = 2 

(J3 + J4)/2 
(Jz + J4)/2 
(Jz + &)/2 

Proof: We get the following equation for a separa- 
ble objective function. 

n 

J ( @ )  = E{L(B)} = c E{Li(Oi)] (4) 
i=l 

In order to  minimize the objective function J ( Q  we 
need to  find the minimum of each E{Li(Bi ) } .  Without 
loss of generality, we consider an example of ANOM 
applied to L4(23) in Table 3. If we denote 0; = j with 
S i ,  then the result of each run is 

Ji = E { L i ( @ : ) }  + E{L2(6':)} + E{Ls(B;)} 
J 2  = E{Li(o:)} + E{L2(0:))  + E{J53(0;)} 
J3 = E{Li(Q:)}  + E{L2(0: ) }  + E { L 3 ( 0 3 }  
J4 = E{Li(0?)1 + E{L2(0:)J- + E{Ls(Oi ) }  

Table 4 shows the procedure of ANOM. To compare the 
values of the objective function for 61, we substract the 
two values in the second row. 

= E { L i ( O : ) }  - E { L i ( 0 : ) }  ( 5 )  

This shows that, by comparing the two values of each 
row in Table 4, we can decide exactly which value of O1 
makes E{L1(O1)} smaller. We get the same result for 
02 and 03. The result is due to  the orthogonality of the 
OA, and is universal for all OAs. 

So we conclude that, by ANOM, we can determine 
the value of 0, which makes E{&(&)}  minimum. Con- 
sequencely, when the objective function is separable, 
the solution by ANOM is same as the solution by the 
full search method. 
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Figure 1: Queueing network with feedback. 

5 Simulation Result: Queueing Network with 
Feedback 

In this section, we present a simulation result of the 
proposed method. We consider a queueing network 
with feedback. The network is an extension of the sys- 
tem in [lo]. The structure of this network is shown in 
Figure 1. Customers arrive at a rate X = 0.5, and the 
values of the parameters are as follows: 

1 1 1 1 
Pi = 2 , p 2 = - r P 3 = - > P 1 = -  3 4 5 

X1 
A5 

ai 

= 2.5, Xz = 2.0, Xs = 2.0, Xq = 1.5 
= 1.5, Xg = 1.0, = 1.0, Xg = 0.5 
= 7.0, 02 = 6.0, a3 = 5.0, a4 = 4.0 

Here, pi is the probability that customers loop back for 
another service. The objective is to minimize the mean 
sojourn time subject to the constraint. The objective 
function is given by (6). 

min[J] = min[E{S}] = min [‘f:[”]] - (6) 
A <  i=l Pi - Xi 

~ . t . p z i - i + w * i = ~ i ,  i = l , 2 , 3 , 4  

As we can see in (6), the ohejectire function is sepa- 
rable. So, by Theorem l ,  we can apply the proposed 
method. By using the constraint in (6), we can express 
the objective function as a function of four independent 
variables among pi, i = 1 ,2 ,  . . ,8. Here, we choose p i ,  
p3, ~ 5 ,  and p7 as the control variables. To guarantee 
the stability of the system, the condition (7) should be 
satisfied. 

X i < ~ , , i = l , 2  ,..., 8 (7) 
Therefore, the search space is bounded as follows: 

2.5 
1.5 

< p i  < 5.0 , 2.0 < p3 < 4.5 
< ps < 4.0 , 1.0 < p7 < 3.5 

Table 5:  Probabilities obtained by the proposed method 
applied to the queueing network with feedback. 

cu~tornem completed service 100 200 300 400 500 
Prob. to be within 10% affset 0.11 0.09 0.11 0.14 0.15 
Prob. to be within 20% offset 0.28 0.32 0.32 0.36 0.39 
 ust torn er^ completed service 600 700 800 900 1,000 

Prob. to be within 10% offset 0.13 0.17 0.17 0.25 0.15 
Prob. to be within 20% offset 0.42 0.44 0.52 0.49 0.50 

To apply the proposed method, we must assign an ap- 
propriate number of levels to each variable. We as- 
sign 32 = 9 levels to each variable here, and choose 
a combination of variables as a candidate of the opti- 
mal solution using an L9(34) orthogonal array twice. 
Each control variable pi (i = 1,3 ,5 ,7)  is discretized as 
follows: 

p1 E {(2.55,2.85,3.15)(3.45,3.75,4.05)(4.35,4.65,4.95)} 
p3 E {(2.05,2.35,2.65)(2.95,3.25,3.55)(3.85,4.15,4.45)] 
p~g E {(1.55,1.85,2.15)(2.45,2.75,3.05)(3.35,3.65,3.95)] 
p7 E {(1.05,1.35,1.65)(1.95,2.25,2.55)(2.85,3.15,3.45)} 

At the first stage, we take only the median values as 
the representation of each subset. 

pi E {2.85,3.75,4.65}, PLI E {2.35,3.25,4.15} 
p5 E {1.85,2.75,3.65}, p~ E {1.35,2.25,3.15} 

After selecting the values among these using the pro- 
posed method, we apply the method once more with 
the values in the selected subsets. For example, if we 
select 3.75, 2.35, 1.85, and 3.15for PI, ~ 3 ,  pg, and p,, 
respectively at the first stage, then we use the following 
subsets for the second stage. 

p1 E {3.45,3.75,4.05], p3 E {2.05,2.35,2.65} 
p5 E {1.55,1.85,2.15}, p7 E {2.85,3.15,3.45] 

The size of the search space, is 9 .9  9 ‘ 9  = 6561 in this 
problem. Among the elements of the search space, the 
number of those whose offset from the optimal is within 
10% is 196, and within 20% is 550. So, if we choose 
one design by blind picking, the probability that the 
chosen design is within 10% offset from the optimal is 
196/6561 2 0.030, and the probability within 20% off- 
set from the optimal is 550/6561 S‘ 0.084. By applying 
the proposed method, we can reduce the size of search 
space to 9 . 2  = 18, which is 18/6561 1/365 of the 
orginal size. 

The simulation results are given in Table 5. Each 
of the results is an average for 100 runs. We can verify 
from Table 5 that the prohabilies of finding a “good- 
enough solution by the proposed method are much 
higher than the probablities by blind picking, even with 
a small number of customers completed service. And if 
we apply the proposed method several times, we can in- 
crease the probability considerably. For example, con- 
sider the result of which the number of customers com- 
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pleted service is 100. Table 5 shows that the probabil- 
ity to be within 20% offset from the optimal is 0.28. 
If we apply the proposed method ten times, we would 
get a set of ten elements, and the probability that at 
least one of these is within 20% offset from the op- 
timal is 0.96. We can still reduce the size of search 
space to (1/365). 10 2 0.03 of the original size. This 
means that we can get at least one “goood-enough” 
design with high probability by applying the proposed 
method several times, and we can still reduce the sim- 
ulation considerably. the search space increases combi- 
natorially as the number of control variables increases. 
However, with the proposed method, combinatorial in- 
crease of the search space can be changed into arith- 
metic increase. Cosequently, the proposed method be- 
comes more effecitive as the number of control variables 
increases. 

6 Conclusion 

We have discussed a new approach, ordinal optimiza- 
tion with orthogonal arrays, for the reduction of search 
space in stochastic optimization problems. One of the 
main problems in stochastic optimization is the prob- 
lem of large search space. To resolve this problem, 
we suggest a combined approach, ordinal optimization 
with orthogonal arrays. The orthogonal array method 
adopts the notion of suh-optimal solutions, which co- 
incides with the notion of “goal softening” in ordinal 
optimization. Furthermore, ANOM selects the level by 
comparing the orders of performance of levels, and this 
can be regarded as comparison of order in ordinal op- 
timization. 

Moreover, this method, ordinal optimization with or- 
thogonal arrays becomes more effective especially when 
the search space is large because combinatorial increase 
of the search space is changed into arithmetic increase. 
Consequently, the proposed approach is a very effective 
method for resolving the problem of large search space 
in stochastic optimization and improving the efficiency 
of the conventional ordinal optimization approach. We 
expect the proposed method to be a complementary 
tool for the ordinal optimization approach. 
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