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Abstracti—Automated measurement of the machine reli-
ability parameters for a production system enables a con-
tinuous update of the mathematical model of the system,
which can be used for various analyses toward productiv-
ity improvement. However, the continuous update may be
impeded by some machines of which automated parame-
ter measurements are out of order. Such a situation has
been observed, for instance, when some of the machines
in the line cannot save log files or Internet of Things de-
vices that measure these machines stop functioning. In
this context, this article addresses the problem of esti-
mating the reliability parameters of those machines while
avoiding a direct manual measurement (by humans) of up-
time and downtime. It turns out that those parameters can
be computed using buffer-related data of the neighboring
machines along with the system information. With this, a
continuous update of the model is possible even though
some machines stop recording their status in an automated
manner. The method is indirect as opposed to direct man-
ual measurement. The results are derived for synchronous
serial production lines with Bernoulli and also exponential
reliability characteristics. Our simulation studies verify the
accuracy of the proposed estimation methods.

Index Terms—Data-driven, Industry 4.0, parameter esti-
mation, smart factory, smart production systems.

[. INTRODUCTION

DVANCES of Internet of Things (IoT) and cyber—physical
A systems technologies have accelerated the development
of smart factories, where real-time data from the factory floor
are collected and utilized to manage the whole operation for
improved productivity, lower level of inventories, lower en-
ergy consumption, and on-demand manufacturing, etc. [1]-[4].
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Two categories of technologies seem necessary to enable smart
factories: the first is an infrastructure for data acquisition and
utilization, and the second is a set of methods to address specific
problems that are of importance.

In the first category, several data system frameworks have
been developed (e.g., Arrowhead [5], Falcon [6], Reference
Model by Industrial Data System Association [7], [8], etc.) that
facilitate data collection, storage, information exchange, and
request/provide analytics-based services. The second category
is traditionally an area for industrial engineering, where queuing
theory, linear programming, decision theory, etc., have been
developed [9].

As one of the constituents of technologies in the second
category, smart production systems has been a topic of active
research [10]-[12]. Smart production systems address the prob-
lem of productivity improvement using the work of production
systems engineering (PSE) [13], which provides a mathematical
foundation to solutions of many important problems of produc-
tion systems such as bottleneck identification, lean buffering,
customer demand satisfaction, etc. See [13] for more details.
The theory of PSE develops a mathematical model of the pro-
duction line, all parameters of which are computed using the data
measured from the factory floor, and uses the model for various
analyses. Key parameters are mean time to repair (MTTR) and
mean time between failures (MTBF) for each machine in the
production system. Those two parameters are important since
machine reliability characteristics are defined based on the two
parameters. Estimating MTBF and MTTR requires observation
of many instances of machine down, which takes an extended
period of time. The use of IoT devices is expected to significantly
reduce the effort required for collecting such data. Recently, the
number of uptime/downtime measurements, necessary to ensure
a given accuracy and likelihood of MTTR and MTBF estimates,
was derived with mathematical rigor in [14]. A modeling ap-
proach distinct from measuring uptime and downtime of each
machine is proposed in [15] where measurement of work in
process for each buffer and the throughput of the line are used
instead.

Eventually, the first and the second categories must be inte-
grated so that the first will feed real-time data to the second so
that results of analytics are continuously updated. While such
integration is slowly progressing, some effort has been made
to analyze productivity of a production line based on existing
(rather than newly proposed as in [5]-[8]) fault monitoring
data infrastructure [16]. As it turns out, situations arise in
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production systems where some of the machines fail to report
status to a data system. Indeed, the authors of this manuscript
encountered manufacturing lines in Daegu Metropolitan City,
Korea, which have been implemented with data logging sys-
tems under the government initiative for the smart factory, but
some of the logging functions are not operational. Repair has
been avoided since it is viewed as costly both in time and
resource.

The motivation of this work is as follows. Such a situation
hinders continuous updates on machine reliability parameters.
The modeling of the entire production system cannot be com-
pleted due to a machine whose logging is not operational. We
refer to such a machine as unknown machine in the sense that
the data from the machine are not available. Estimating the
reliability parameter of an unknown machine is an important
problem. As mentioned before, an unknown machine impedes
modeling of the production line and consequently productivity
analysis.

In this work, we consider the problem of estimating key
parameters (MTTR and MTBF) of an unknown machine. To
the best of our knowledge, existing work does not address this
problem. Most of the existing work assumes all data are avail-
able. The methods are developed for synchronous serial lines
that follow the Bernoulli model and the exponential reliability
model, respectively. We refer to the method developed in this
work as “indirect estimation” in the sense that the reliability
parameters of a machine are obtained not by direct measurement
of the uptime/downtime of the machine but by estimation from
the data of the other machines in the line.

The main contributions of this article are as follows.

1) A method of estimating the reliability parameter of an un-
known machine in a production line that follows Bernoulli
model using the data from neighboring machines.

2) A method of estimating the reliability parameters of an
unknown machine in a production line that follows syn-
chronous exponential model using the data from neigh-
boring machines.

3) Itis shown that the methods are applicable to a production
line with more than one unknown machines as long as they
are not placed consecutively.

4) Evaluation of the estimation accuracy using simulation is
performed to show that proposed methods are practical.

In addition, the proposed methods in this article may serve
as a feature that enhances the resiliency of smart production
systems because they provide means to deal with failures of
some sensors or circuits in the data system with no additional
costs to repair them. This may be viewed as technologies in the
second category operate in a way to compensate the deficiency
in the first category, i.e., data systems.

The outline of this article is as follows. Section II describes
synchronous serial production lines with machines and buffers.
Descriptions of the performance measures are also given. Sec-
tions III and IV develop an indirect method for lines with
Bernoulli reliability characteristics and illustrate the accuracy.
Sections V and VI carry out a similar development for lines
with exponential reliability characteristics. Finally, Section VII
concludes the article.

Fig. 1. Standard form of serial production line.

Il. SYNCHRONOUS SERIAL PRODUCTION LINES,
PERFORMANCE MEASURES, AND UNKNOWN MACHINES

A serial production line is shown in Fig. 1 which consists of M
machines (my, ..., my)and M — 1 buffers (by,...,byr_1). All
machines work synchronously, i.e., all machines are assumed
to have constant and identical cycle times denoted by 7. The
capacity of buffer b; is denoted by a positive integer IV;.

Two types of reliability models are considered in this article:
the Bernoulli reliability model for slotted time case and the ex-
ponential reliability model for continuous-time case. These two
models permit analytical results for production system analysis
while other reliability models do not. More importantly, many
production systems are well approximated by these two models.
Many examples exist that adopted these models to analyze
actual production systems [17]-[20]. Reliability parameter for
the former is p;, i.e., the probability that a machine stays up
for each duration of 7. This parameter for the machine m; is
typically obtained by

Tup,i

=—2 (M
Tup,z’ + Tdown,i

pi
where T\, ; is the average uptime (MTBF) obtained from uptime
measurement and Tyown; is the average downtime (MTTR)
obtained from downtime measurement.

For the exponential lines, the reliability of the ¢th machine is
described by two parameters, the failure rate A; and the repair
rate ;. The two are typically obtained from the measurement
by

1 1

A= —— )
4 Tup,i’ Hi

Tdown,i . (2)
Some performance measures of the production lines are in-
troduced.

1) Production rate (PR): The average number of parts pro-
duced by the last machine per cycle time in the steady-
state.

2) Starvation ratio of m; (ST;): The steady-state probability
that m; stops working due to an empty upstream buffer.

3) Blockage ratio of m; (BL;): The steady-state probability
that m; stops working due to a full downstream buffer.

In this article, we assume the machines in the production lines
have automated data measurement systems. They record uptime
and downtime for MTBF and MTTR and starvation/blockage
time for ST; and BL;. Additionally, two buffer state indicators
are also measured: one that records if the upstream buffer is
empty or not, and the other that records if the downstream buffer
is full or not. If a machine m; is an unknown machine, none of
the data from the machine such as Typ ;, T4own,i» ST, and BL;
is available.
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It must be pointed out that the number of observation for
relevant events (e.g., machine failure, buffer full or empty, etc.)
affects the estimation accuracy. The problem of ensuring a given
accuracy has been rigorously investigated in [14]. Thus, in this
work, we assume the estimates are based on large enough data
points to ensure the desired accuracy.

A line may have one or multiple unknown machines. For
the unknown machine m;, the reliability parameter p; for
Bernoulli line needs to be obtained by a means other than (1)
and the reliability parameters A; and p, for the exponential
line by a means other than (2). We intend to develop such
methods.

Ill. INDIRECT ESTIMATION FOR BERNOULLI LINES
A. Analysis of Performance Measures

How the performance measures relate to all other parameters
in the system is briefly reviewed here based on the work of [13].
Exact solutions for performance measures exist only for the
two-machine serial line. In order to analytically calculate the
performance measures, the production line is modeled as a
Markov chain, of which the states are the buffer occupancy.
For real numbers 0 < z,y < 1 and a natural number NV, define
the function

l—z)(l—a) .
o ety
Q($7y?N) = 1 o Sél
T otherwise
—x

with o = m(lf?;%. The function Q(z, y, N) represents the prob-

1—
ability thatytﬁ‘le buffer is empty. Then, the performance measures
of the two-machine line are given by

PR :pl(l - Q(p27p17N]))

:p2(1 - Q(pl,pZaNl))a (3)
BLI :plQ(pZaplaNl)a (4)
ST> = p2Q(p1, p2, N1). (5)

For the production lines with M > 2, the Markov chain
approach is not practical because the number of states is the
multiple of all possible states of each buffer, i.e., Hf\il_l N;,which
increases exponentially as the number of buffers increases.
Alternatively, the following aggregation method is used. The
aggregation method approximates the entire line by a virtual
two-machine line. The total of M — 1 choices of the virtual
two-machine line exists, each of which is anchored at a buffer.
For instance, all machines and buffers before the buffer b; are
approximated by the first virtual machine, and all after the buffer
b; are approximated by the second virtual machine. This is
depicted in Fig. 2. The forward Bernoulli parameter for mzf is
expressed as pi , and the backward Bernoulli parameter of m? 1
is expressed as pi-’ﬂ.

The forward and backward parameters of each machine are
defined recursively with an iteration index s =0,1,2,..., as

Fig. 2. Two-machine serial line by the aggregation method, i =
1,2,...,M — 1.
follows:

Po(s+1) = pi(1 — Qply (s + 1),p] (s), N3)),
i=1,...,M—1,
pl(s+1) = pi(1 = QoL (s + 1), p}(s + 1), Nie)),
i=2,...,M (6)
with p{ (0)=p;, i=1,...,M as initial conditions and

p{(s) =p1, p4;(s) = pu, for all s as boundary conditions.

Parameters p! (s) and p!(s) converge in the procedure of (6)
and yield

p? = lim pl(s), pf = lim pf(s) @)
5—00 5—00

Using the aggregation method, the performance measures of the
serial lines with M > 2 are given by

PR = p} = p}, (8)

=pl (1= Q! pby 1, NY))

:p{(l 7Q(p?+lvp{7Ni))v i: lv-uaM* 17
BLi:piQ<p§+17plf7Ni)vi:17"'7M_17 (9)
ST: = piQ(pl_ 1 0l Niv), i =2, M. (10)

Since these measures are obtained by an approximation, they
are denoted with “hat” to indicate this nature.

B. Two-Machine Lines (M = 2)

When one of the two machines is an unknown machine, its
Bernoulli parameter can be calculated using (4) or (5), which is
formulated in the following theorem.

Theorem 1: Consider the production line shown in Fig. 1 with
M = 2. Let m; be the unknown machine.

1) If7 = 1,then p, is given by the solution z of the following

equation:
ST
Q(z,p2, N1) = =2 (11)
P2
2) Ifi = 2,then p; is given by the solution x of the following
equation:
BL
Qr,pr, Ni) = —. (12)
Proof: See Appendix. |

Remark 1: Inregard to solving (11) or (12) for z, one always
encounters an invalid solution that needs to be discarded.
When solving for z the equation Q(z,p, N) = £ with given
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bi_4

Actual line

b;

Unknown machine

Fig. 3.

0<p&<1, and a natural number N, the mathematical
derivation using the formula of @) for x # p always yields that
x = p is a solution regardless of £&. However, this is not a valid
one since the formula is for « # p. Using a bisection algorithm
to solve (11) and/or (12) effectively avoids the invalid solution.

The implication of the results is as follows. If m; is the
unknown machine, i.e., Typ,1 and Tyown,1 are not available, p;
cannot be computed by (1). However, p; can be obtained by
Theorem 1 using ST,. Note that, as mentioned in Section I, ST,
can be computed using the log of m,. The same applies for
the case when m, is the unknown machine, i.e., BL; can be
computed from the log of m;.

C. Lines With More Than Two Machines (M > 2)

When M > 2, the results of aggregation method, i.e., (6), (9),
and (10), are used for the data-driven indirect estimation.
Theorem 2: Consider the production lines shown in Fig. 1
with M > 2. Let m; be an unknown machine.
1) Ifi € {2,..., M — 1}, then, p; is given by

b= Pl
-
1- QY ,pl, Ny)

where p? and p{ are the unique solutions, respectively, of
the following equations in x

13)

BL,;_
Qz,pl |, Ni_1) = L (14)
Pi—1
ST;
Q(x,ply,, N;) = —+L, (15)
Di+1

Here, p{_l in (14) is given by p{_l =pi—1 —ST;—y, and
plyin (15) by p?, | = piy1 — BLigy.
Alternatively, p; in (13) can also be obtained by

) p!

pi = .
1 - Q(P{_UPS»NFO

2) If7 = 1,then pj is given by the solution z of the following
equation:

(16)

ST,

Q(Iapg7Nl) =
P2

a7

where p$ = p, — BL,.

Procedure for data-driven indirect estimate method of Bernoulli production lines.

3) If « = M, then, pjs is given by the solution x of the
following equation:

BL
Q(xvp{wf];NJ\/Ifl) = M-

Pm—1

(18)

where p£[71 =PM—-1— STA{,L

Proof: See Appendix |

Insight for obtaining the estimates in Theorem 2 is given
in Fig. 3. As seen in 1), for the estimation, the information
of the machines and buffers located before and after the un-
known machine is necessary. Note that the result is applicable
when unknown machines are multiple, as long as they are not
consecutive.

IV. ACCURACY OF ESTIMATION ON BERNOULLI LINES
A. Model Validation With Estimated Parameters

The estimation of Bernoulli parameter for the M > 2 case
is not exact because it is based on the aggregation procedure,
which is an approximation. Here, we investigate the accuracy of
the proposed method with two metrics

. lpi — pil — |PR; — PR;|
v Pi , PRS
where PRy is the production rate obtained by the simulation, and
PR; is the production rate obtained by the aggregation method
with m; being unknown. The former shows the accuracy of p;,
and the latter shows how closely the model predicts PR with the
estimated parameter for the unknown machine.

For the investigation, we consider production lines with M =
5, 10, 15, and 20. For each case, the parameters are randomly
selected in the following ranges:

19)

pi €[0.7,1], N; € [1,10]. (20)

The ranges are selected based on authors’ experience of observ-
ing many production lines. Similar ranges are used in [13], [17],
and [19]. For each production line, we discrete-event simulate
the behavior of the production line. The data from the first 10 000
time slots are discarded to avoid the effect of a transient. The
data from the subsequent 200 000 time slots are used to evaluate
PR, ST;, and BL,;.

For each production system, in the order of : = 1,2,..., M,
machine m; is treated as an unknown machine, and p; is obtained
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TABLE |
FREQUENCY FOR ESTIMATION ERROR IN BERNOULLI LINE
M 5 10 15 20
Metric
g, <0.05 90.76% | 81.27% | 76.93% | 74.29%
epr < 0.05 100% 100% 100% 100%

by the proposed method. The simulation is done for 10 000
different lines for each M = 5, 10, 15, and 20.

The results are shown in Table I. It turns out that €, < 0.05
for 90.76% of the 10 000 M = 5 lines, 81.27% of the M = 10
lines, 76.93% for M = 15 lines, and 74.29% for M = 20 lines,
which indicates that the parameter estimation accuracy is high
for most cases. For all the cases considered, epg < 0.05.

B. Accuracy in Bottleneck Identification

The most common use of the mathematical model of a
production line is to identify the bottleneck machine denoted
by BNm. The bottleneck machine is defined as the machine
with the largest OPR/0Jp; among all machines in the line. In
this subsection, we investigate the BNm identified using p; is
identical to BNm identified using p;s by simulating M =5
lines. Two methods are available to identify the bottleneck:
sensitivity analysis that evaluates the partial derivatives using
the aggregated model and the arrow method that utilizes ST;
and BL; instead of directly evaluating the partial derivatives.
The arrow method is simple and widely used in practice [13].

Let us denote the bottleneck machine resulting from the first
method by BNmyg, and that from the latter by BNmju,,. Both
methods are not exact. However, in most cases, they give the
same result. Since both are not exact, we also identify the
bottleneck machine based on discrete-event simulations: numer-
ically evaluating OPR/Jp; by perturbing p; and carrying out
simulations. We denote this bottleneck by BNmpgs and regard
BNmpgs as the true bottleneck.

The investigation is done for 5000 randomly generated serial
production lines, whose parameters are selected in the range
given in (20). For each line, we first find BNmpgs, BNmjg,,
and BNmy,,. Then, for each line, we treat m; as an unknown
machine in the order of 7 = 1,2, 3,4, and 5, apply the proposed
method to estimate p;, and find }ﬁ\l?nAgg and ]ﬁ\ITnAH. The hat
notation indicates that these bottleneck machines are found from
the mathematical model that contains an unknown machine. As
aresult, for each production line, we have one value of BNmpgg,
one value of BNmyg,, one value of BNmy,,, five values of

B/NTnAgg, and five values of B/I\?nArr.
The results in Table II show the frequency that BNmyg, is

equal to the true bottleneck (BNmpgs), and also ]ﬁ\f}lAn is
equal to BNmpgs. We also show in Table II the frequency of

TABLE Il
ACCURACY OF BNM IDENTIFICATION WITH UNKNOWN BERNOULLI MACHINE
BNmpgs BNmpEgs
is equal to Frequency(%) is equal to Frequency(%)
BNmyg, 96.85 BNmyg, 9.1
BNma,» 89.6 BNmy,, 91.68

correct BN identification when all machines are known. The BN
identification based on indirect estimation is almost as accurate
as that of the cases of all machines being known.

V. INDIRECT ESTIMATION FOR SYNCHRONOUS
EXPONENTIAL LINES

A. Analysis of Performance Measures

The exact solutions for PR, ST, and BL exist only for M = 2
[13]. They are obtained from a Markov chain model whose states
are buffer occupancy and the machine states (up or down). For
real numbers i1, Ay, 2, and X, and a natural number Ny, define
the function

11— 1—-@
( 1 _ege(fﬁN] )a if €] 7é €2,
Q(A1s pi1, A2, pio, N1) = e A 2D
m7 OtherWiSC
2H1 1
where ¢; = M- (i=1,2), &= =R W=y 40y +

pr + pas A= (A1 + A2)(p1 + p2), and § = W The
function Q (A1, 1, A2, f2, N1 ) represents the conditional proba-
bility of the event that the buffer is empty and m; is down under
the condition that m; is down. Then, the performance measures
of the two-machine line are given by

PR = ey[1 — Q(A1, 1, Az, o, Np)] (22)
= e[l = Q(A2, 2, My, 1, N,

BLi = e1Q (A2, p2, A1, p1, V1), (23)

ST, = e2Q(A1, 1, A, o, Np). (24)

For production lines with M >2, the aggregation
method [13] is used to obtain the performance measures.
Forward and backward parameters, obtained by a recursive
procedure, satisfy

w =, @s)
pl = pall = QL pl A Wl Ny, i =2, M
(26)
A=, 27
)"{ = )‘Z + ,uiQ()W]lih:u{fl?)“?aIU/g>Ni*1)’ i = 27 c "M’
(28)
i = pall —Q()L?+17M§)+1a)‘fvﬂvai)]’ i=1...,M-1,
(29)
MZJ)\/[ = KM, (30)
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)\'?:)"7,+/’L’LQ()“$+17.U“?+17)‘{7.U'{7N’L)51217aMﬁla
€1V}
A%, = A (32)

Performance measures, again denoted with “hat” to indicate that
they are approximations, are given by

PR=ef, — e

= e (L= QO pf Ay b, NI, (33)
= G{[l - Q()‘g+l7ﬂg+17)‘zf7ﬂzf7Ni)]v 1=1,...,M -1,
BL; = e;Q(lyy, by, 2 il N, =1, M~ 1,
(34)
STy = e;QOLy pl Al il Nisy), i=2,..., M. (35)
Here, ¢/ = u{lf/\[ and e? = ug’fk?.

B. Two-Machine Lines (M = 2)

First, we introduce stationary probabilities of the boundary
states defined in [13]

Po,oo = P{(b; is empty) A
Po,11 = P{ (b1 is empty) A
Pr, 00 = P{(by is full) A
Py, 11 = P{(by is full) A

(my is down) A (mj is down)},

(m2 is up) } 3

(my is down) A (my is down)},

(my isup) A

(m2 is up)}

where A denotes the “and” condition for the events involved.
Note that the eight events associated with the above four bound-
ary probabilities are mutually exclusive.
Theorem 3: Consider the production lines shown in Fig. 1
with M = 2. Let m; be the unknown machine.
1) If ¢ = 1, then the exponential parameters A; and j; are

(myisup) A

given by
ST,
= Ao — a2, (36)
i P00 2 h
ST,
A= — Ag. 37
: Py i
2) If i = 2, then the exponential parameters A, and p, are
given by
BL
fo = 51 = i, (38)
Py, .00
BL;
Ay = —A 39)
2 PN| m K2 1
Proof: See Appendix |

Here, Py 0o and Py 11 can be obtained without the operational
information of m;. Since the exponential line is analyzed based
on the flow (continuous) model, the probability for the event
(by is empty) A (my is up) A (my is down) is zero. The state of
each machine is determined independently from the other ma-
chine; thus, we obtain

Py oo = P{(b; is empty) A (my is down)} (40)

and ST is the probability of the event (b;isempty) A
(my is down) A (my is up) and, thus,

PO}]] = P{(bl is empty) A\ (mg is up)} — ST,. 1)

Both of Py 9 and I 1 are obtained from the logs of m,.
Similarly, Py, oo and Py, 11 can be obtained from the log of
m, as follows:

Pr, 00 = P{(by is full) A
Py, 11 = P{(by is full) A

(42)
(43)

(my is down)},

(myisup)} — BL;.

According to the result 1), the reliability parameters of the
unknown machine, i.e., A; and p;, can be obtained indirectly
[not using (2)] only using the log of m,. The parameters A, and
Lo are obtained from the log of m, directly using (2). The result
2) applies for case when m; is unknown.

C. Lines With More Than Two Machines (M > 2)

When M > 2, results of the aggregation method, i.e., (25)—
(32), (34), and (35), are used for the indirect estimation of an
unknown machine. Four boundary probabilities are defined for
the aggregated, virtual two-machine line shown in Fig. 2

Pg%go’i:P{(bi is empty) A

Zf is down) A (m?,, is down)},
!
K2

(m
Py = P{(bi is empty) A (m] is up) A (mf,, is up)},
(

Paggolo = P{(b; is full) A (m is down) A (mb, | is down)},
Pjirggfl = P{(b; is full) A (m] is up) A (mb,, isup)}
where:=1,2,..., M — 1.

Theorem 4: Consider the production lines shown in Fig. 1
with M > 2. Let m; be an unknown machine.

1) Ifi € {2,..., M — 1}, then the parameters /i; and X; are

given by
f
. wl
fii = , (44)
L= QL w20 pl Niy)
hi =M = QUL A u N (48)
where sz, )Lf, u?, and A% are
b
STip1(££)
b b
Hi = #MH = M1 (46)
Fooo
b
STy (E21)
i b
M=l =, )
0,11
BLifl( ifl)
b .
W= — M el (48)
PNi—l:OO
f
BL, ;(2)
b g 7 b
Ai = agg,iefl1 i )“szl (49)
PNi—la”
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and ,ug;l, A5 1 pl ,,and Ab_| are given by
ST,
ply = pia (1 ~ 1) : (50)
€i-1
ST,
A=k i ( 1) ; (5D
€i—1
BL;
Pt = it (1 - ’+‘>, (52)
€it1
BL;
Ay = At + Hig ( H) . (53)
€it+1
Alternatively, %; and £i; can also be obtained by
b
N M
1- Q()\?+1a ,u‘?+17)"z"fa :u{a Nz)
hi =28 = QUL il M pl V). (59)

2) If ¢+ = 1, then the exponential parameters fi; and A1 are

given by
STy(E)
fi = Png)vg (3, (56)
0,00
b
R ST, (2)
o= — 2 — A (57)
P
where

BL,
(192,
e
BL2
A =20+ o .
€2

3) If i = M, then the exponential parameters ji,; and X M
are given by

of,
X BLy(24)
fint = W‘”ﬂ‘ki&_l — . (58)
PNM—MOO
BL l(e{W—l)
3 —Ney 1/ A
AM = M M (59)
Npr-1,11
where
STar
Hicw—l = MM-1 (1 T e ) ,
STar—1
)ticwfl =Ay—1+ pv—1 < - ) .
Proof: See Appendix. ]

Note that we obtain ST; |, BL;_, 4,1, and A;_| from the log
of m;_1,and ST, 41, BL; 1 t4;41,and A, from the log of m; 4.
Thus, the parameters ¢/ |, &7 |, b, |, and A%, | in (50)~(53) are
obtained from the logs of m,_; and m;;.

However, obtaining 2/, A/ 12, and A? from (46) to (49) is not
feasible because PS %gol, Py ﬁgl’z, P}‘iﬁ% "1276(]), nd P“lgg 1 are quanti-
ties for the virtual, aggregated machines. A measurement based

alternative is necessary to proceed further. We first consider ug in
(46). The only unknown in (46) is Fy ;" However, the approach
of directly approximating Pg:%go’i by available measurement is in
vain. Instead, we proceed as follows. We approximate uf using
ST;4+; and P(i,oo’ which are obtained from the log of m; . The
values of ST;1; and Fj o, well approximate the probabilities
that are defined in the virtual line consisting of m , b;, and

m;41. Thus, using 1) (36) of Theorem 3 yields the followmg
approximation:

uf ~ STi
" P

Aip1 — i1 (60)
We now explain why ST,;; and P(i,oo approximate well the
probabilities defined in the virtual line. The probability of ST;

can be written out as

ST, 41 = P{(bi empty) A {(m; down) V (m; starved) } A

{(m;s1 up) A (m;4 not blocked)}}

where V denotes the “or” condition. The event (m; down) V
(m, starved) implies (m (m ! down) One can see this in the equal-
ity (1—e;)+ST; = (1 — el obtained from (26) and (28).
Further, the event (b; empty) A {(m; down) V (m; starved)} A
(m;4 blocked) is null because it implies m;y; blocked and
starved simultaneously, which is not possible in the flow model
of production lines. Thus, we can rewrite ST, as

ST;y1 ~ P {(bi empty) A (m! down) A (my, up)} .

Clearly, this supports ST, | can be considered by the probability
in line consisted of m{ , b, and my .
The probability P(i,oo in (60) is defined as

Pjoo = P{ (b; empty) A {(m; down) V (m, starved) }A

{(mj41 down) V (m;4, blocked)}}.
But using similar argument as for ST, , it reduces to
Pyoo~ P {(bz empty) A (m! down) A (mi+1d0wn)} .

Thus, ST;4+; and P(i,oo are the probabilities measured in the
actual production line with M > 2, but approximate the proba-
b111t1es that are defined in the virtual two-machine line consisting
of m and m;4 . This justifies (60). Finally, we can calculate
STH | from the log of m;4.;. We can also calculate Po,oo from the
log of m;41 by measuring the event (b; empty) A (m;4; down).

Next, we derive an approximation for )tf in (47). Contrary
to Pg%%i, a direct evaluation of Pgﬁg{i from the log of m; 1 is

possible. We approximate Pgigl’i by Py, defined as

Py = P{(bi empty) A {(m; up) A (m; not starved) } A
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{(mji+1 up) A (M not blocked)}}.

Note that the event (m;;; blocked) and the event
(b; empty) A (m; up) A (m; not starved) may not simultane-
ously occur. Thus

Py =P {(bi empty) A (m{ up) A (ml, up)} = Py
‘ (61)
The forward aggregation parameter A { is obtained by (47) where
Pye" is replaced by Py ;. The value of Py, is obtained from
the log of m;; in the following manner:

Pg)ll = P{(b; empty) A (M4 up) A (m;4 not blocked)}

= STiy1-
This is because the event (b; empty) A {(m;ti up) A
(m;41 not blocked) consists of two exclusive events
(m; up) A (m; not starved) and (m; down) V (m; starved).

The probability of the first of the two is P&” and that of the
second is ST; 4.
Similarly, we have
BL;

b
Hi = —1
N, 1,00

i1 — i1 (62)

where

Pil o= P{(bil full) A {(m;_; down) V (m;_; starved)}

A {(m; down) V (m; blocked)}}

and A is from (49) with

agg,i—1 __ i—1
Py = Py (63)

where

Pil = P{(bil full) A {(m;_ up) A (m;_; not starved)}

A{(m; up) A (m; not blocked)}}.

With the approximations (60)—(63), all the forward and back-
ward parameters z/, A7, ;b and AY are obtained from the
logs of both sides of the unknown machines m;_; and m;4
(t=2,3,...,M —1). Items 2) and 3) of Theorem 4 are also
obtained using (60)—(63).

VI. ACCURACY OF ESTIMATION ON SYNCHRONOUS
EXPONENTIAL LINES

Discrete event simulations are carried out using 500 randomly
generated production lines, respectively, for each one of M =
5, 10, 15, and 20. The total of 2000 different production lines
are considered. Machine parameters and buffer capacities are
randomly generated by e; € [0.75,0.95], u; € [0.2,0.4], A; =
=¢i)y;, and N; € [2,5]. The data from the first 5000 downs
are discarded to avoid the effect of transient. The data from the

TABLE llI
FREQUENCY FOR ESTIMATION ERROR IN SYNCHRONOUS EXPONENTIAL LINE
M 5 10 15 20
Metric
£, <0.05 58% | 30.74% | 2591% | 27.61%
€, <0.05 12.44% | 7.16% 7.04% 10.4%
g, <0.05 69.56% | 50.08% | 44.88% | 43.25%
epr; < 0.05 98.36% | 93.98% | 84.69% | 71.02%
Eley,] 0.0823 | 0.1406 | 0.1580 | 0.1610
Elgy] 0.4143 | 0.6705 | 0.7606 | 0.8062
Ele,;] 0.0443 | 0.0974 | 0.1036 | 0.1122
Elepg,] 0.0168 | 0.0276 | 0.0389 | 0.0441

subsequent 50 000 downs are used to evaluate ST;, BL;, Pg’ 00>
F5 11> Py, 00- P, 11> and PR.
Three metrics for the accuracy are defined by

e T 1
77 6 77 66 -

A ST €
where é; = [i;/ (ii + /1;). The total of 25 000 values [25 000 =
500 lines times (5+10+15+20 machines per lines)] are obtained

for each of the three metrics, respectively, from the simulations.
Additionally, we define

(64)

€, =

_ |PRs _PRi|
- PR,

where PRy is the production rate obtained by the simulation, and
PR; is the production rate obtained by aggregating the line with
m; being unknown.

The results are shown in Table II1. It turns out that the average
of 25 000 values of ¢;, is 0.7376, the average of €, is 0.151, that
of €. is 0.0996, and that of epr is 0.0365. All except the first
exhibits accuracy less than about 15%. However, the accuracy
for A is poor. This might be because the sensitivity of A on
PR is much lower than that of u as long as e is reasonably
high (e; € [0.75,0.95]). For epg, in addition to the average, its
distribution is looked at. It turns out that epg < 0.05 for 98.36%

€PR (65)
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TABLE IV
ACCURACY OF BNM IDENTIFICATION WITH UNKNOWN
EXPONENTIAL MACHINE

BNmDES BNmDES
is equal to Frequency(%) is equal to Frequency(%)
BNmag | 824 | BNma, | 854

of the M = 5 cases, 93.98% for M = 10, 84.69% for M = 15,
and 71.02% for M = 20, which also indicates that the models
with estimated parameters are well validated.

Next, we analyze the accuracy of BNm identification. The
BNm is defined as the machine that has the largest value of
OPR/0p;. We discrete-event simulate 500 different lines with
M =5 to evaluate the accuracy of BNm identification when
a machine is unknown. The BNm is identified by numerically
evaluating the partial derivative. The results are presented in
Table IV. The BNm identification using the indirect estimation
is as accurate as the case in which all machines are known. It is
only 3% less than the known case.

VIl. CONCLUSION

We developed a data-driven method that indirectly estimates
the unknown machine’s reliability parameter from the data of
neighboring machines. Reliability characteristics considered in
this work are the Bernoulli reliability model for discrete systems
and the exponential reliability for continuous systems. As future
work, methods of autonomously detecting unknown machines
may be considered as other ingredients to realize smart pro-
duction systems. Then, data-driven autonomous update of the
production system model, along with the indirect estimation
method developed in this work, becomes closer to the reality.
Obviously, the results of this work may contribute to increase
the resiliency of the smart production systems for the situation
when automated logging devices of some machines fail.

APPENDIX

Proof of Theorem 1: We prove that (11) has only one solution
in the range 0 < = < 1. The function Q(z, y, N) is continuous
and strictly decreasing in = and takes values on (0,1) for any 0 <
y < 1 and positive integer V| [13]. Also, it is straightforward to
show that Q(z,y, N;) satisfies

lim Q(z,y, N) =1, and lim Q(z,y, N) =0
x—0 x—1

for any 0 < y < 1 and positive integer /V;. The inequality 0 <
ST, < p, is always satisfied by the definition of ST; thus, 0 <
ST,/P, < 1. Therefore, there is only one valid solution that
satisfies (11).

In the case that m, is an unknown machine, the proof is also
in the same manner. |

Proof of Theorem 2: Equation (13) comes from (6). Un-
knowns in (13) are p?, pf , and p? 1. To obtain p?, Theorem
f

1 is adopted to virtual two-machine line with m] ;, m?, and

b;_1: p? is the unique solutions of the following equations in x
BL! |
Piy

Q(»’%p{_],Niq) = (66)

where BLiff | is the blockage probability of mi{ 1- pfi | can be

calculated from (5) and (6). The right side of (66) can be changed
as shown in (15) using (4) and (9).

Similar argument is applied to obtain p{ with virtual two-
machine line with ml-f, mf+1 ,and b;.

When ¢ = M, the boundary condition of recursive aggrega-
tion procedure p4, = pys is used. Thus, solving (66) in x leads
to indirect estimation of p,;. The indirect estimation of p{c can
be similar to the boundary condition plf =pi. |

Proof of Theorem 3: The following relationship is defined
in [13]:

STo,  pui+pe STo A+
Pooo M Pon o
BL;, i +p Bl AL+ Ao
P oo Ay Py 1 )
With these relationships, we can derive Theorem 3. |

Proof of Theorem 4: We can obtain (44), (45), (54), and (55)
from (26), (28), (29), and (31).

Consider the production line with two virtual machines mf-c
and m? 1~ Theorem 3 is used to derive the aggregation param-
eters as follows:

agg

i+l b b
[ = —mi M — Hig (67)
Foo
STa-lggl
M= ] =l (68)
By
where i = 2,3,..., M — 1, and ST}, is the starvation proba-
bility of m? 1 defined as
ST = €2 QL il A%, 1y, NG) (69)

by the definition of starvation (24) for M = 2 line.
We can calculate Q(A{,u{,ki?+l,uf+l,Ni) using (35) as
follows:

STy
Q()‘7{7M7{7)‘?+17/’['?+1aNi) = - . (70)
Cit1
b
Thus, ST:%, can be replaced with ~LST, ;.

€i41
Similar explanation for mif can be used to derive backward
parameters (48) and (49), and the first and the last machine’s
parameters (56)—(59).
With (70) and the results of the aggregation procedure (26)—
(31), (50)—(53) can be obtained. [ |
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