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Abstract—Recently, deep reinforcement learning (DRL) has
been employed in flexible job-shop scheduling problems (FJSP)
to minimize makespan within flexible manufacturing systems
(FMS). In practice, numerous modern enterprises are incor-
porating automated guided vehicles (AGV) into their FMS
implementations. However, existing DRL-based FJSP solutions
do not account for transportation constraints. To tackle this
practical issue, we propose a novel graph-based DRL method,
called Heterogeneous Job Scheduler (HJS), which interprets the
environment status using the graph structure and then training
the DRL model based on graph embeddings. Our findings
indicate that the proposed approach surpasses conventional
dispatching rules and existing DRL-based methods in terms of
makespan, running time, and generalization performance.

Index Terms—Flexible job-shop scheduling with transporta-
tion constraints, Reinforcement learning, Smart manufacturing
systems

I. INTRODUCTION

Flexible manufacturing systems (FMS) play an essential role
in the modern manufacturing industry for personalized pro-
duction [1]-[4]. Recently, in practical manufacturing systems,
numerous enterprises have adopted transportation resources,
such as automated guided vehicles (AGV), to enhance flexi-
bility and diversity in FMS [5]. However, incorporating trans-
portation resources into FMS introduces a significant challenge
due to the increased complexity of production scheduling
problems. These problems not only require the consideration
of operation allocation to compatible machines but also AGV
allocation for transporting intermediate products.

Such FMS with transportation resources can be mathemat-
ically formulated as a flexible job-shop scheduling problem
with transportation constraints (FJSP-T) [6]. Numerous meth-
ods have been studied to resolve FJSP-T, including meta-
heuristics such as genetic algorithms (GA) and ant colony
optimization (ACO) [6]-[8]. Despite meta-heuristics can find
relatively near-optimal solutions at the cost of computation
time efficiency compared with the exact solvers (e.g. constraint
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programming), they still suffer from long computation time
in the large-scale problem, due to the complicated search
procedures to explore the solution space to find high-quality
solution [9]. Additionally, their scheduling quality is still
far from the optimality. To overcome these limitations, deep
reinforcement learning (DRL)-based scheduler is a promising
approach that can find near-optimal solutions with low com-
putation time [9], [10].

Most existing DRL methods for manufacturing process
optimization attempt to solve FJSP ignoring transportation
constraints [9], [11]. However, the learning mechanism design
taking transportation into account brings more challenging: (i)
complex one-to-many relation between operations, machines
and vehicles makes it difficult to represent schedule status of
FISP-T. Decision-making in DRL based simply on raw feature
states of FJSP-T without considering the relation induces
limited learning performance on large-scale problems [12]. (ii)
decisions in FJSP-T is more complex as they require not only
operation and machine selection but also vehicle selection.
Consequently, novel decision-making framework and informa-
tive representation techniques for operation-machine-vehicle
pair are necessary.

To address these challenges, we propose an end-to-end
DRL module for solving FJSP-T, called Heterogeneous Job
Scheduler (HJS) !, which is a graph neural network (GNN)-
based RL algorithm. For challenge (i), we design a novel
heterogeneous graph structure capable of expressing FISP-
T. To extract rich information for operation-machine-vehicle
relation, we develop a GNN encoder based on the heteroge-
neous graph structure. The proposed encoder uses an attention
mechanism that learns the importance between heterogeneous
graph nodes. For challenge (ii), we propose a three-stage
decoder model that schedules operation-machine-vehicle pairs.
It can learn to generate near-optimal schedule from the graph
embedding for minimizing the makespan.

To summarize, our contributions are as follows:

IThe source code is available on : https:/github.com/msh0576/FISPT-
Scheduler
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o We design a novel heterogeneous disjunctive graph for
FISP-T. This graph represents features of operations,
machines, vehicles, and their relation with low graph
density.

o We develop an encoder based on GNN to represent the
proposed heterogeneous graph. The proposed encoder en-
ables message passing between different types of nodes,
such as operations, machines, and vehicles, by allowing
each node to aggregate its neighboring nodes’ messages.

« By combining the encoder, and RL framework, we design
HIJS module, which has size-agnostic properties. Thus the
trained module can work on not only the trained instances
but also instances of varying graph size. The proposed
method outperform traditional dispatching rules and ex-
isting DRL-based methods. Especially, it can generalize
to unseen large-scale problems.

II. PROBLEM DESCRIPTION AND NOTATIONS

Flexible job-shop scheduling problem with transportation
constraints (FJSP-T) can be defined as follows. There exists
a set of n jobs J = {J1,...,Jn}, a set of m machines
M ={M,...,M,,} and a set of v vehicles V = {V1, ..., V, }.
Each job J; consists of n; consecutive operations O; =
{Oi1, ..., Ojn, } with precedence constraints. An operation of
job J; denoted by O;; can be processed on a subset of
eligible machines M;; C M. This means that operation
O;; takes different processing time Tf;k for each machine
My € M,;;. To allocate operation O;; on machine My,
vehicle V,, transports the intermediate products of O;; to the
machine. Transportation time T7;,, of V, is a sum of off-
load transportation time T}, that Vi, being off-load status
approaches to the product location of O;; to load it and on-load
transportation time 7, that V,, being on-load status transports
the product to machine Mj. In FISP-T, the optimization goal
is to assign operations to a compatible machine transporting
with vehicles and determine the sequence of operations on a
machine/vehicle for minimizing the makespan,

Cmaz = max Cyp,, Vi € {1,...,n}, (D

where C;,,, is a completion time of final operation O;,,, of job
J;. Overall notations are presented in Table I.

III. HETEROGENEOUS JOB SCHEDULER (HJS)

To resolve FISP-T, we propose HJS module consisting of
three main components: a heterogeneous graph, encoder and
policy. The workflow of HIS, as illustrated in Fig. 1, consists
of the following steps: 1) receiving raw feature states from
the manufacturing process, 2) constructing the heterogeneous
graph based on the features, 3) encoding the graph through
the encoder, and 4) making action decisions using the policy.
We first design the heterogeneous graph for FJSP-T that
can express relation of operations, machines and vehicles
with low graph density. The proposed encoder represents the
heterogeneous graph with three different attributes of node
sets, operation O, machine M, and vehicle V. The policy
generates a composite action of the operation-machine-vehicle

Constants

m total number of machines
n total number of jobs
ni total number of operations of job ¢
v total number of vehicles
de dimension of embedding
dy, dimension of query, key and value
Indexes
7 jobindex,t=1,...,n
J operation index of J;,7 =1,...,n;
k machine index, k = 1,...,m
u vehicle index, u =1, ...,v
Sets
J job node set, 7 = {J1, ..., Jn}
O; operation node set for job J;, O; = {O;1, ..., Oin, }
M machine node set, M = {Mi,..., Mm}
M available machine node set for operation O;;, M;; C M
% vehicle node set, V = {V1,..., Vi }
Nm(O;5)  neighboring machine nodes for O;;
Ny(O;;)  neighboring vehicle nodes for O;;
N (M) neighboring operation nodes for M,
N(Vy) neighboring operation nodes for V,,
Variables
Tip s processing time of operation O;; on machine My,
T, transportation time of vehicle V,,

fju k time that V/, transports products corresponding to O;; to My,
Tfj start time of Oj;

i completion time of job J;

TABLE T
NOTATION

Heterogeneous graph

Graph Graph
e H embedding
encoder

state C? i action

Environment

Fig. 1. Workflow of the heterogeneous job scheduler.

(O-M-V) pair based on the graph representation. Finally, based
on end-to-end RL algorithm, we train the HJS module to
minimize makespan.

A. Heterogeneous Graph for FISP-T

A disjunctive graph for FJSP [13] is defined as
G =(0,C,D). O is an operation node set, and C is a set
of conjunctive arcs. There are n directed arc flows, each
representing the processing sequence of job J;. D = UpDy
is a set of (undirected) disjunctive arcs, Dy, is a clique that
connects operations capable of processing on machine Mj.
Since an operation can be processed on multiple machines, it
can be connected to multiple disjunctive arcs.

By modifying the disjunctive graph, we propose a novel
heterogeneous graph to represent FJSP-T. The graph is defined
as H = (OUMUVCE, UE,). Compared with the
traditional graph, machine node set M, vehicle node set V),
compatible machine arc set &,, and compatible vehicle arc
set &, are added. Machine node M; € M and vehicle node
V. € V represent machine and vehicle features, respectively.
The disjunctive arc set D is replaced with &£, UE,,. Element of

Authorized licensed use limited to: DGIST. Downloaded on July 02,2025 at 04:20:46 UTC from |IEEE Xplore. Restrictions apply.



the compatible machine arc set £, € &, denotes processing
time that operation O;; is processed on compatible machine
M), € M;;. Vehicle arc £}, , € &, represents transportation
time that vehicle V,, transports products corresponding to
0;; to machine My,. The vehicle arc Bl = {Efju,Efjk}
consists of off-load transportation time FE;;, and on-load
transportation time £, , because the transportation time is
a sum of the off-load and on-load transportation time.

B. Markov Decision Process

We define a Markove decision process (MDP) model for
FISP-T. At each time step ¢, the agent observes the system
state s;, and makes a decision a;. The action a; allows an
unscheduled operation to be processed on an idle machine by
transporting it with an idle vehicle. After taking the action,
the environment transits to the next state s;y;, and receives
reward r;1. This process repeats until all the operations are
scheduled. The MDP model is specifically defined below.

1) State: At decision step t, state s; is a heterogeneous
graph H, (O U MUV, C,Epy UEyt). In this graph, we define
raw features of nodes and edges. Raw feature vector j;; € R”
of operation O;; consists of 7 elements; status, number of
neighboring machines, number of neighboring vehicles, pro-
cessing time, number of unscheduled operations in job J;, job
completion time, and start time. Raw feature vector py, € R*
of machine M), consists of 4 elements; status, number of
neighboring operations, available time, and utilization. Raw
feature vector , € R* of vehicle V, consists of 4 elements;
status, number of neighboring operations, available time, and
current location. Raw feature vector v, € R of compatible
machine arc Ey € &, and vector v, € R of compatible
Vehlcle arc £, € &, contain one element, processing time

Z ik for O;;-M), pair and transportation time 7; Uuk for Oy;-
M-V, pair, respectively. We refer to the raw feature vectors
of nodes and edges in [9]

2) Action: To resolve FJSP-T, we define a composite
action, a; = (0;;, M, V,,), which constitutes operation se-
lection, machine assignment and vehicle usage. This means
the operation O;; is allocated to the machine Mj and V,
transports it. Specifically, action a; € A, is to select a feasible
operation-machine-vehicle pair. Feasible operation O;; implies
its immediate predecessor O;(;_1) is completed. A feasible
machine is an idle one among the compatible machines,
M;, € M,;. A feasible vehicle is an idle one among all
vehicles at time ¢, V,, € V.

3) State Transition: Once the action is taken, the envi-
ronment deterministically transits to the next state s;y;. We
first define the feasible next decision step ¢ + 1. This step is
determined by operation events, that is, the earliest release time
of the new operation among the remaining feasible operations
after time ¢. At step t+1, the graph structure and node features
change by the action a; = (O;;, My, V,,), such as node O;;
has only one O-M-V pair in the graph, and other compatible
pairs are removed, and specific features of nodes change as
described in Section III-B1.

4) Reward: The goal is to learn to schedule operations such
that the makespan is minimized. We design the reward function
as the difference between the makespan corresponding to s;
and St+1, T(St, Qg, St—‘,—l) = Cm,m(st) *Cmam(st-‘rl) Here, we
define C5(0, s¢) as the lower bound of the estimated com-
pletion time of operation O at state s;. We compute this lower
bound recursively, Crp(0ij,5:) = CLp(O;(j—1),5¢) + T”,
where O;; is an unscheduled operation in job J;. If O;(;_1)
is scheduled in sy, Crp(Oj(j—1),5t) is replaced with the
actual completion time C;(;_1). We define the makespan in s;
as the maximum lower bound of unscheduled operations for
all jobs, Chaz(s¢) = max; ;{Cr(0;j,s:)}. The makespan
in the terminal state s|p| has the actual process makespan,
Cmaz(510]) = Cmae, since all operations are scheduled.
When the dlscount factor v = 1, the cumulative reward
is G = Zt oT(8t,a1,5t41) = Cmaz(50) — Crnaz, Where
Craz(s0) is a constant for a specific instance. Therefore,
maximizing G is equivalent to minimizing the makespan.

C. Heterogeneous Encoder

The proposed encoder, shown in Fig. 2, theoretically follows
Graph attention networks (GANs) [14], which is constructed
by stacking multiple (L) graph attention layers. Let hEJ), h(l)
and hy, " be an operation machine and vehicle node embeddm%
vector, respectively, through layer [ € {1, ..., L}. Function ]-"
updates embedding vector th ) of node z € X by aggregating
knowledge of the self node, its neighboring nodes, and their
relation as follows:

hiy = F& () A0, vig My € Now(035)},

)
(A il Vi € Noy(0i)}) 2
hg) f(l)(h(l 1) {h(l D Vz]k|07j GN( M)})
hg) :_F‘(/l)(hq(t ),{hz(é 2 ,Viju‘Oij eN(VL)})

where A=Y is a node embedding at layer [ — 1. The learnable
update function F )(é) is composed of heterogeneous multi-
head attention (HMHA), add & normalization (AN), and feed-
forward layer (FF). The encoder has three independent update
functions to deal with three different classes of nodes; ]-'Ol) for
operation node, }“](\14) for machine node, and .7:‘(}) for vehicle
node.

1) Heterogeneous Multi-Head Attention Block: We de-
sign HMHA block that nodes embed messages of different
classes of nodes and their relation, using an attention model
(AM) [15]. AM Ilearns attention scores between nodes of how
much they relate to each other. For example, an operation and
the corresponding compatible machine with a low processing
time may have a high attention score because this O-M pair
contributes to the low makespan.

For operation node embedding h(l), HMHA , block for node
O;; embeds messages of neighboring machine nodes M;j, €
M;; and vehicle nodes V,, € V into an operation node O;;.
Unlike machine and vehicle nodes, only the operation node has
two different classes of neighboring nodes, M;; and V. Thus,
we construct two HMHA blocks that independently aggregate
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Fig. 2. Heterogeneous encoder architecture.

messages for each neighboring node, HMHA]g on machine
nodes and HMHAY, on vehicle nodes.

For HMHAY of message passing from M, € M;; to O;;,
it requires query q,; for operation node O;;, and key kj/value
vy for machine node Mj, respectively:

do = quh(olil),kM — Wthg\Zilxvaf _ WVNIhg\Z*1)7
3)
where W0, Wka and WM are trainable parameter matrices,
their dimension is described in Section V1. hg_l) € RIOIxde
and h{,") € RIMIxde are operation, and machine embedding
matrices at layer [—1. Following the attention mechanism [15],
we can calculate compatibility cop; by equation (12), atten-
tion weight g by equation (13), and single-head operation
node embedding matrix hAO/[,’Z(l) € RIOI*4 by equation (14).
Finally, by equation (15), HMHAY adds up the heads h(y"\",
Z times in parallel, and outputs multi-head operation node
. . M,(1),
embedding matrix h, "

he " =HMHAY (h{; ")

=>_ Walhg ", @
z€Z

where W/, € R**% is a trainable parameter matrix.

As a difference from the existing attention mechanism that
aggregates only node messages, we need to include their
relation (e.g., processing time) in the embedding hgf’(l). We
propose an augmented compatibility copr, which uses two-
step linear transformation on the concatenation of compatibil-

ity coas and processing time matrix T? € RICI>IM:
Gom = ReLU(W?(ReLU(W ' [oon||T?]))),  (5)

where W' € R2*de W2 ¢ R?*1 are trainable parameter
matrices, [-||-] denotes a concatenation function, and ReLU
is an activation function. Replacing compatibility oo with
conm and following the multi-head attention computation
procedure of equation (4), we can obtain multi-head operation
node embedding that includes processing time knowledge,
h) O — HMHAY (0D TP).

For HMHAg of message passing from V,, € V to O;;, we
can compute multi-head operation node embedding matrix for

vehicle nodes with transportation matrix T!, as the same com-
putation procedure of hgl’(l) , hg’(l) = HMHA}, (hg_l), T"). In
this computation, the used query, key, and value are defined

as follows,

4o = Wiohl ™V ky = WAvh{TY vy, = wve(TY.

(6)
However, we cannot directly use T? as the input of HMHAg
block, because since transportation time matrix T* includes O-
V arcs (off-load transportation time) as well as O-M arcs (on-
load transportation time) in the heterogeneous graph, but the
block can only perform message-passing of O-V arcs. There-
fore, we use an on-off-separated node embedding approach.
HMHAg block generates operation node embedding hg’(l)
considering only off-load transportation time Tf,ff e RIOIXIVI,
hy; Y = HMHAY bV T’;). On the other hand, on-load
transportation time T. € RI®/*XIMl is added in the computa-
tion of HMHA]g by re-designing the augmented compatibility
donm of equation (5):

Gom = ReLU(W?(ReLU(W ' [oon||(T? + TL)])). (7
Finally, HMHA © block outputs operation embedding matrix

h(ol) for entire neighboring nodes as a linear transformation on

the concatenation of hgf’(“ and hg’(l):

h) —HMHAL (0, h{Y TP T

(®)
M, (1) Vsl
=Wolhg" Vg,
where W € R2de*de ig a trainable parameter matrix.
HMHA); block for machine node embedding h!)

M
and HMHAy block for vehicle node embedding hé
are structurally equivalent to the computation proce-
dure of HMHA?)J block and HMHAg block, respec-
tively. Thus, hY) = HMHA, W~V [T?]T), and b =
HMHAy (W)™ [T!]T). Feed-forward (FF) block and add
& normalization (AN) block in Fig. 2 are referred to in [10].

D. RL algorithm

We define policy 7g(a¢|s;), which generates O-M-V pair at
a decision step,

mo(at|se) = ma, (Oij|s¢)mo,, (My|Oij, st), )

where state s; is a graph embedding that is computed as
the mean of all node embeddings at the final layer, h(*) =
WM(Z?Q Z?Z:I thL) + 2 hl(cL) + ZZ:l_hSJL))-
We define two sub-policy models, 7g, and g, , as multi-layer
perception (MLP) [16] that outputs probability distribution of
the corresponding operation and machine nodes. In addition,
for vehicle node selection, we use a heuristic approach, nearest
vehicle selection (NVS) method. This is expressed as follows:

Vi =NVS(0;;, My,)

: t t
=arg min 1. + T,
V,EV, Jju uk>

m?

(10)

where it finds the nearest vehicle among current eligible
vehicles V,, € V; given the current selected operation and
machine nodes.
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Size (n X m x v)  n; [Mij] Ti’;. T,

10x5x%x5 U4,6) U(1,5) U(1,20)  U(1,10)

20x10x10 U(8,12) U(,100  U1,200  U@1,10)

30x15x15 U(12,18)  U(L15) U(1,20) U(1,10)

40x20%20 U(1624)  U(1,20) U(1,20) U(,10)

50x25x%25 U(20,30) U(1,25) U(1,20) U(1,10)
TABLE IT

SYNTHETIC INSTANCE PARAMETER DISTRIBUTION

In the training process, we update the policy mg(as|s¢) and
encoder by using a policy-gradient method, which is known to
be effective for end-to-end learning [17]. Here, for readability,
all training parameters used in HJS are denoted as . In an
episode, given policy 7y, we record the stream of state, action,
and reward samples, 7 = (sg, ag, 7o, ---, ST, a1, 7). We can
calculate the total return G(7) = ZZ;O r, of the trajectory.
Our objective is to maximize the objective J(0) = E,, [G(7)].
We use REINFORCE algorithm [18] to train the policy 7p.

IV. PERFORMANCE EVALUATION

In this section, we evaluate the effectiveness of our proposed
method (HJS) from three perspectives: makespan, general-
ization and running time. To this end, we generate various
synthetic instances and compare the performance of HIS with
that of several baseline dispatching rules, including FIFO (first
in first out), SPT (shortest processing time first), and LPT
(longest processing time first). In addition, we also compare
the performance of HJS with two DRL-based baseline algo-
rithms, namely MatNet [10] and Heterogeneous Graph Neural
Network (HGNN) [9]. It is worth noting that DRL algorithms
for solving FJSP-T entirely have not yet been developed, and
existing DRL algorithms aim only to solve FJSP. In light
of this, we augment these algorithms with a simple vehicle
selection mechanism, i.e., the NVS method, to make them
applicable to FJSP-T.

1) Experimental Settings: Likewise most related stud-
ies [6], [9], [13], we generate synthetic FISP-T instances
for training and testing. As shown in Table II, in order to
generate random instances, we sample an instance from the
uniform distribution, where the number of operation for each
job is sampled in proportion to the number of machine,
n; ~ U(0.8)M],1.2|]M|), and the number of compatible
machine for each operation is sampled from the distribu-
tion, |[M;;| ~ U(L,|M]|). Processing time T}, for O;;-
Mj, pair and transportation time T,ﬁk, between M, and M,
are sampled from U(0.87;,1.2T}}) and U(0.8T},,,1.2T},.),
respectively. We train our model on two small-scale instances
(10x5x%5, 20x10x10), and test it on the large-scale instances
(30x15x15, 40x20x20, 50x25x25) to verify generalization
capability. When we evaluate the capabilities of the methods,
we generate 100 different instances for each size and average
the obtained results.

2) Performance on makespan: To verify the effectiveness
of the proposed method in finding near-optimal solutions, we
evaluate the performance in terms of makespan. Table III
shows the results of all methods against four instances, where
DRL methods are sufficiently trained on the same size in-
stances. The bold character denotes the best result for each
instance.

Size
10x5x%5 10x5x%x10 10x10x5 20x10x10

- T78.01 16643 27713 373.90
(1.58) (1.57) (3.41) 627)
- 18142 167.92 293.40 388.74
(1.59) (1.60) (331) 6.15)
IO 176.85 166.16 27630 376.10
(1.62) (1.62) (3.41) (6.69)

176.95 167.51 280.98 )

HGNN (1.75) (1.76) (3.96) ]
15217 146,01 265.69 313.81
MatNet (1.83) (1.84) (3.91) (133)
14448 13624 244,55 204.35
HIS (urs) |1 40) (1.39) (2.97) (5.40)

TABTE T

MAKESPANCE PERFORMANCES ON SMALL-SCALE INSTANCES. EACH
ELEMENT DENOTES MAKESPAN (RUNNING TIME (SEC))

Size
30x15x15  40x20%x20  50x25x25
p— 56721 746.95 924,04
(13.96) (25.15) (24.07)
LT 602.15 797.52 1026.78
(13.92) (25.19) (24.04)
569.89 751.41 934.88
FIFO (14.17) (25.66) (24.98)
571.15 759.27 957.58
HGNN (29.45) (98.72) (168.66)
468.59 614.53 775.5
MatNet 16.71) (30.95) (1.0)
435.82 573.54 72622
HIS (©urs) | (1376 (25.59) (28.54)
TABTETY

GENERALIZATION PERFORMANCES ON LARGE-SCALE INSTANCES.

As can be seen, HJS outperforms both dispatching rules
and existing DRL approaches. Specifically, to compare with
the dispatching rule (FIFO), as the reference for the proposed
method, it is observed that 22% makespan improvement on in-
stance 10x5x5 and 27% improvement on instance 20x 10x 10
can be achieved. For the DRL method (MatNet), the proposed
method can improve makespan by 5% and 6% on instance
10x5x5 and 20x10x 10, respectively. This improvement can
be attributed to our use of the graph embedding approach that
fully encoding operations-machines-vehicles relation.

3) Performance on generalization: We evaluate the gener-
alization capability by testing the model trained on small-scale
instance (20x10x10) on unseen large-scale instances.

In Table IV, we can know that the proposed method out-
performs all of dispatching rules and DRL methods. Notably,
on the largest instance (50x25x25), our proposed method
improves the makespan by 28% compared to FIFO and 6%
compared to MatNet. It is worth noting that the proposed
method can provide superior solutions than the dispatching
rules even on unseen and large-scale instances. This results
indicate that patterns learned on small-scale instances can
effectively solve large-scale ones.

4) Run time analysis: In Table III and IV, the symbol
() denotes running time (second) required for solving the
corresponding instance. As shown, the proposed method yields
the shortest running times for small-scale instances, but not for
large-scale ones. This finding is consistent with previous stud-
ies [9], [16], which have reported that neural network inference
is computationally more demanding than simple dispatching
rules. However, it should be noted that the proposed method
still achieves the shortest running time for the 30x15x15
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instance and performs only slightly worse (with a gap of
1% to the SPT result) than the rule-based SPT approach for
the 40x20x20 instance. Consequently, the proposed method
can generate the best makespan solutions while maintaining
the same level of computational efficiency as the rule-based
solutions for any size instances.

V. CONCLUSIONS

In this paper, we have proposed a novel graph-based DRL
method, HJS, to address FJSP-T. We have demonstrated that
the proposed method offers superior solutions in terms of
makespan and running time compared to the existing dis-
patching rules and DRL methods in small-scale instances.
Furthermore, the graph-based method, capable of learning
complex relation between operation-machine-vehicle nodes,
contributes to the generalization performance. This is evi-
denced by the best makespan and relatively short running time
results obtained, even in the unseen large-scale instances.

VI. APPENDIX
A. Attention mechanism

We first describe the attention mechanism, where there is
a single type of node. Given node set X, let hgil) be an
embedding vector of node x € X at layer [—1. The mechanism
requires three vectors of query q, key k, and value v to
construct the node embedding. These are expressed as follows,

q, = WIR{™Y k, = W= v, = WYR{=Y, 2,y € X
1D
where W9, Wk € R *% and WV € R%*% are the trainable
parameter matrices. dx = %5 is the query/key dimensionality,
and d, is the value dimensionality. Here, if y = z, then this
is called the self-attention mechanism. With the query q, of
node z and the key k, of node y, we calculate compatibility

0y as the scaled dot-product:

T
Gy = % if y is a neighbor of z (12)
—oo  otherwise

where —oo prevents message passing between non-adjacent
nodes. From the compatibility, we compute attention weights
Fzy € [0, 1] using a softmax:

_ ey
Oy = =5
Y dyex €’

This measures the importance between x and y; higher atten-
tion weights &,, means that node = depends more on node
y. Finally, we compute the attention-based single-head node
embedding hg(c{)z of node x at layer | as a weighted sum of

messages Vyl
O — 5
h‘:uz - Uﬂiyvy’

yeX
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(14)

where z € {1, ..., Z} is a head index.

Multi-head attention (MHA) allows a node to receive neigh-
boring messages from different types of attentions, Z times
in parallel (Z = 8). The final multi-head attention value for

node x is computed by adding up the heads from all types of
attentions. This is a function of node embedding of all nodes

as follows:
h) =MHA,, ({h,|y € X})

oy W,
z€Z 7
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where W2 € R%*de is a trainable parameter matrix.
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