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Abstract
In this paper, we perform a stochastic analysis of the packet-pair technique, which is a widely used method for estimating the network bandwidth in an end-to-end manner. There has been no explicit delay model of the packet-pair technique
primarily because the stochastic behavior of a packet pair has not been fully understood. Our analysis is based on a novel
insight that the transient analysis of the G/D/1 system can accurately describe the behavior of a packet pair, providing an
explicit stochastic model. We ﬁrst investigate a single-hop case and derive an analytical relationship between the input and
the output probing gaps of a packet pair. Using this single-hop model, we provide a multi-hop model under an assumption
of a single tight link. Our model shows the following two important features of the packet-pair technique: (i) The diﬀerence
between the proposed model and the previous ﬂuid model becomes signiﬁcant when the input probing gap is around the
characteristic value. (ii) The available bandwidth of any link after the tight link is not observable. We verify our model via
ns-2 simulations and empirical results. We give a discussion on recent packet-pair models in relation to the proposed
model and show that most of them can be regarded as special cases of the proposed model.
Ó 2005 Elsevier B.V. All rights reserved.
Keywords: Packet-pair technique; Bandwidth estimation; M/D/1 queue; Transient analysis

1. Introduction
To improve the performance of the Internet
applications in various aspects, it is crucial to understand and exploit useful properties of an end-to-end
path. For example, the available bandwidth is one
such characteristic, which can be used in numerous
ways [1,2]: in many bandwidth-sensitive applica*
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tions such as peer-to-peer applications and ondemand multimedia streaming applications, a client
will beneﬁt if it is connected to a peer via a path with
suﬃcient available bandwidth. Further, the performance of overlay networks can be improved if we
can estimate the available bandwidth between
nodes.
Now, we formally introduce two important characteristics of an end-to-end path: the bottleneck
capacity and the available bandwidth. Consider a
path P as a set of links that forward packets from
a sender S to a receiver R. Assume that the path
P is ﬁxed and unique for the duration of the
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measurement. Let M denote the number of links in
P, then each link i, i = 1, . . . , M transmits packets
with a constant rate of Ci Mb/s, which is referred
to as the link capacity. Then, the bottleneck capacity
of path P is
C P ¼ min C i
i¼1;...;M

and the link with C P is called the narrow link. Also,
if we let ui denote the utilization of link i over a certain interval, the available bandwidth of path P is
AP ¼ min ½C i ð1  ui Þ
i¼1;...;M

and the link with AP is called the tight link. Note
that the tight link may be diﬀerent from the narrow
link in general. A more detailed explanation of the
bottleneck capacity and the available bandwidth
can be found in [2].
There has been a lot of research on the problem
of measuring the bottleneck capacity and the available bandwidth in an end-to-end manner. However,
designing an accurate mechanism to measure the
network bandwidth in an end-to-end path is challenging since the Internet is a very complex dynamic
system. A general way of active bandwidth measurement is to inject probing packets into an end-to-end
path and observe their behavior to estimate the bottleneck capacity and the available bandwidth. One
of the most popular mechanisms is the packet-pair
technique [3–5], in which a source sends multiple
packet pairs to a receiver. Each packet pair usually
consists of two probing packets of the same size.
The inter-packet dispersion between these two probing packets changes according to path characteristics such as link capacities and cross-traﬃc. (Note
that cross-traﬃc represents all the traﬃc in the path
except the probing packets.) Hence, the relationship
between the inter-packet dispersion at the sender
and that at the receiver is exploited to estimate the
end-to-end network bandwidth. Hereafter, we use
the input/output probing gap and the inter-packet
dispersion at the sender/receiver interchangeably.
The packet-pair technique has been extensively
studied for network bandwidth estimation. Actually, many tools for measuring the bottleneck capacity and the available bandwidth are based on the
packet-pair technique [1,2,6–13]. However, most of
these measurement methods rely on qualitative
aspects or empirical results instead of an analytical
model. Hence, the establishment of an accurate
model of the packet-pair technique is of fundamental importance for designing eﬃcient bandwidth

estimation tools. Recently, a deterministic packetpair model has been developed in [8]. Yet, this deterministic model assumes ﬂuid cross-traﬃc with a
constant rate and consequently ignores the stochastic nature of cross-traﬃc. More recently, Liu et al.
[14] has given a stochastic analysis of packet pair/
train probing, which provides upper and lower
bounds of the relationship between the input and
output probing gaps using a sample-path analysis
under mild assumptions.
The main contribution of this paper is a derivation of a stochastic model of the packet-pair technique, which accurately captures the stochastic
nature of cross-traﬃc. Unlike [14], we derive an
explicit model that shows a mathematical relationship between the input and the output probing gaps.
There has been no explicit delay model of the
packet-pair technique, mainly because the stochastic
behavior of a packet pair has not been fully understood. Our analysis is based on a novel insight that
the relationship between the input and the output
probing gaps of a packet pair is governed by the
transient behavior of a queueing system. Hence,
under a reasonable assumption of Poisson crosstraﬃc, we give a stochastic delay model of the
packet-pair technique via the transient analysis of
the M/D/1 system.
First, we investigate a single-hop case and derive
a stochastic delay model, which describes the analytical relationship between the input and the output
probing gaps of a packet pair. Then, we examine a
multi-hop case and derive an explicit multi-hop
model under an assumption of a single tight link.
We validate the proposed model via ns-2 simulations and empirical results. Our model shows the
following two important features of the packet-pair
technique: (i) The diﬀerence between the proposed
model and the previous ﬂuid model becomes significant when the input probing gap is around the
characteristic value. (ii) The available bandwidth
of any link after the tight link is not observable.
Based on our analysis, we discuss recent packet-pair
models in relation to the proposed model and show
that most of them can be regarded as special cases
of the proposed model.
The rest of the paper is organized as follows: In
Section 2, we provide preliminaries for the problem
addressed in the paper. In Sections 3 and 4, we
introduce a stochastic model, which can capture
the essential stochastic nature of cross-traﬃc. In
Section 5, we validate the stochastic model through
ns-2 simulations and empirical results. Based on
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the analysis, we present important features of the
packet-pair technique and discuss several recent
packet-pair models in relations to the proposed
model in Section 6. Finally, the conclusion follows
in Section 7.
2. Preliminaries
In this section, we explain how the packet-pair
technique works in detail. Then, we introduce the
deterministic packet-pair model in [8]. A single-hop
deterministic model of the packet-pair technique
was proposed in [8] under the assumption of ﬂuid
cross-traﬃc with a constant rate and consequently,
the stochastic nature of cross-traﬃc was ignored.
The packet-pair technique works as follows: A
source sends packet pairs to a receiver. Each packet
pair consists of two probing packets, usually of the
same size. The time dispersion between these two
packets changes according to path characteristics
such as link capacities and cross-traﬃc as they traverse the path. Hence, the relationship between the
inter-packet dispersion at the sender and that at
the receiver is exploited to obtain information on
network bandwidth. The inter-packet dispersion
Din at the sender is deﬁned as the interval between
the departure of the ﬁrst probing packet from the
sender and that of the second probing packet. In a
similar manner, the inter-packet dispersion Dout at
the receiver is deﬁned as the interval between the
arrival of the ﬁrst probing packet at the receiver
and that of the second probing packet. Our main
concern here is how to establish an analytical relationship between Dout and Din.
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Consider a single link with capacity C. The sender at one end of the link transmits a packet pair
to the receiver at the other end. The size of each
probing packet is Lp bytes. Let t0 denote the time
when the ﬁrst probing packet arrives at the queue.
Also, let q denote the amount of cross-traﬃc already
in the queue when t = t0. Fig. 1 illustrates the arrival
and departure of a packet pair on a single link. In
the ﬁgure, T denotes the interval between the arrival
of the ﬁrst probing packet and the departure of the
second probing packet, and X(t0, Din) denotes the
amount of cross-traﬃc arrived during [t0, t0 + Din].
Under the assumption of ﬂuid cross-traﬃc, the
second probing packet will see the server busy or
idle according to whether the server has been fully
utilized or not during [t0, t0 + Din]. The case of a
busy server is given in Fig. 1(a). Similarly, the case
of an idle server is presented in Fig. 1(b). Note that
X(Din) is used instead of X(t0, Din) in the ﬁgure since
X(t0, Din) is independent of t0 under the ﬂuid
assumption. Also, we should note that, without
the assumption of ﬂuid cross-traﬃc with a constant
rate, it will be the last busy period in [t0, t0 + Din]
that determines whether the server is busy or idle
when the second probing packet arrives. The server
will be busy if the second probing packet arrives
before the end of the last busy period. On the other
hand, if the last busy period ends before the second
probing packet arrives, the server will be idle.
Under the assumption of ﬂuid cross-traﬃc with a
constant rate r, X(t0, Din) yields a deterministic value
of rDin and the following relationship between Dout
and Din can be derived depending on whether the
link is fully utilized or not [8]:

Fig. 1. Behavior of a packet pair in a single link with ﬂuid cross-traﬃc.
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(
Dout ¼

r
D
C in

þ

Lp
C

Din  Cq ;

;



Lp þq
;
Din 6 D ¼ Cr

ð1Þ

otherwise.

From (1), we know that the graph of (Din, Dout) consists of two line segments
and

 the change of slope
Lp þq

occurs at Din ¼ D ¼ Cr , which is termed as
the characteristic value. Further, if we let Dc denote
Lp
the value of Din such that Din = Dout, then Dc ¼ Cr
,
which is termed as the critical value. Note that we
can obtain the available bandwidth A once we know
Dc by A = C  r = Lp/Dc. Since q  0 under the
assumption of ﬂuid cross-traﬃc, Dc  D* and we
further have A = C  r  Lp/D*. Actually, many
measurement algorithms seek the available bandwidth A by estimating the characteristic value D*
[1,8,10,13]. However, we can easily suspect that considerable modeling error is introduced in (1) by the
assumption of ﬂuid cross-traﬃc with a constant
rate. In this paper, we consider X(t0, Din) as a stochastic process and derive a model that depicts the
relationship between Dout and Din more accurately.
Then, we discuss recent packet-pair models in
relation to the proposed model.
3. Packet-pair delay model: single-hop case
In this section, our primary concern is to derive a
single-hop relationship between the input and the
output probing gaps under an assumption of stationary Poisson cross-traﬃc. Based on this assumption, we show that the transient analysis of the M/
D/1 system can accurately describe the behavior of
a packet pair. By adopting the M/D/1 analysis, we
only consider packets of the same size in cross-trafﬁc. Since the packet size distribution of the Internet
traﬃc is known to be multi-modal [15], M[X]/D/1
analysis which allows batch arrivals would be more
complete [16]. However, the M/D/1 analysis plays
an essential role in the M[X]/D/1 analysis. Also,
the M/D/1 analysis by itself gives a valuable insight,
namely that the queueing theory can be successfully
applied to the modeling of the packet-pair technique
for bandwidth measurement. For these reasons, the
focus here is on the M/D/1 analysis of the packetpair technique.
Here, we adopt the transient analysis of the M/
D/c queueing system in [17]. First, we give our rationale as to how the behavior of a packet pair can be
described by the transient queueing analysis. Then,
based on the M/D/1 analysis, we develop the state
vector in a transient regime and the concept of the

virtual waiting time in order to depict the waiting time of the second probing packet. Finally, we
give a stochastic delay model of the packet-pair
technique.
3.1. The key idea of M/D/1 modeling
Here, we assume that the cross-traﬃc is a stationary Poisson process in the time scale of interest. The
stationary assumption for the Internet traﬃc is typical in the literature and is known to be empirically
acceptable over intervals of several minutes up to a
few hours [18,19].
When the ﬁrst probing packet arrives at the
queue at t = t0, assume that there are q1 packets
already in the queue and one in service with the
residual service time d. (If there is no packet in service at t = t0, d = 0.) In a similar manner, assume
that there are q2 packets already in the queue when
the second probing packet arrives at the queue. Let
W1 and W2 denote the waiting times (in queue) of
the ﬁrst and the second probing packets, respectively. Since both the service times of the ﬁrst
and the second probing packets equal to Lp/C,
we have
Dout  Din ¼ ðW 2 þ Lp =CÞ  ðW 1 þ Lp =CÞ
¼ W 2  W 1.

ð2Þ

The key insight is that, from the viewpoint of the
second probing packet, W2 is the transient waiting
time in queue of the M/D/1 system with initially
q1 + Lp/Lc + 1 packets, where Lc is the packet size
of cross-traﬃc.1 The rationale is as follows: Just
after the arrival of the ﬁrst probing packet, i.e.,
t ¼ tþ
0 , there are a total of q1 + Lp/Lc + 1 =: N0
packets in the system including one possibly in service. Now, the overall system can be considered as
the M/D/1 queue with initially N0 packets in the
system, which begins to evolve at t = t0. Hence,
without loss of generality, let t0 = 0. Then, the waiting time W2 of the second probing packet exactly
corresponds to that of a packet which arrives at
the M/D/1 system at t = Din. Consequently, the
problem now becomes how to ﬁnd the transient
waiting time of the M/D/1 system at t = Din initially
holding N0 packets.

1

In order to make the problem more tractable, it is assumed
that Lp/Lc is an integer and the round-oﬀ eﬀect is ignored.
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3.2. Waiting time distribution of the second probing
packet
First, we introduce the state vector of the M/D/1
system. Let pj(t) denote the probability of the
system holding j packets at time t. Then, the state
vector p(t) =: (p0(t), p1(t), p2(t), . . .) can be obtained
as follows:
Lemma 1. (i) When t 2 (0, D] where D = Lc/C,
( jN 0 þKðtÞ
ðktÞ
ekt ; j P N 0  KðtÞ;
pj ðtÞ ¼ ðjN 0 þKðtÞÞ!
0;
j < N 0  KðtÞ;
where N0 = q1 + Lp/Lc + 1, k is the packet arrival
rate of cross-traffic, and K(t) is the number of packets
that have left the system by t.
(ii) When t > D,
pðtÞ ¼ pðt mod DÞP bt=Dc ;
where
0

ekD

B
B kD
Be
B
B
P ¼B 0
B
B
B 0
@
..
.

kDekD
kDe

kD

...

ðkDÞj1
ðj1Þ!

ekD

...

ðkDÞj1
ðj1Þ!

kD

ekD

...

0
..
.

ekD
..
.

j2

ðkDÞ
ðj2Þ!

e

ekD

...
..
.

...

1

C
C
...C
C
C
...C
C
C
...C
A
..
.

Proof. See Appendix. h
Hence, we can obtain the state vector when the second probing packet arrives at the queue, i.e., p(Din)
for any arbitrary value of Din from Lemma 1.
Now, we derive the waiting time distribution of
the second probing packet. Let the random variable
W(T) denote the waiting time of an arbitrary packet
which arrives at an M/D/1 queue at t = T > 0. We
will call this packet a virtual packet. Then, we have
W2 = W(Din) with initially holding N0 packets in the
system. Hence, if we can ﬁnd the distribution of
W(Din) for any given value of Din, then it will be
straightforward to obtain the relationship between
Dout and Din from (2). The virtual waiting time distribution P(W(Din) 6 kD  v) for all k 2 N and
v 2 (0, D], can be determined by concentrating on
the queueing position of the virtual packet at
t = Din + D  v. If we deﬁne the random variable
N Din ðtÞ as the number of packets arriving before
Din that are still in the system at t, then the cumulative distribution function (CDF) of the waiting time
W(Din) is as follows:
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Proposition 1. The CDF F Din ðxÞ ¼ P fW ðDin Þ 6 xg
is
8 x
bDcN 0 þKðyþDÞ
>
P
ðkDin Þj kDin
>
>
e
; y 6 0;
>
j!
<
j¼0
F Din ðxÞ ¼
bDx c
>
P
>
ðkzÞj kz
>
>
otherwise;
: QbDx cj ðyÞ j! e ;
j¼0

where y := DinP
 D + (x mod D), z := D  (x mod D),
mþ1
and Qm ðtÞ :¼ i¼0 pi ðtÞ.
Proof. See Appendix. h
3.3. M/D/1 delay model of packet-pair probing
By combining all these results, we derive a delay
model of packet-pair probing in a single hop. First,
for given value of Din and q1,
Z 1
ð1  F Din ðxÞÞ dx.
E½W 2 jq1  ¼ E½W ðDin Þjq1  ¼
0

Here, F Din ðxÞ can be obtained from Proposition 1
with N0 = q1 + Lp/Lc + 1. Finally from (2),
E½Dout  ¼ Din þ E½E½W 2 jq1   E½W 1 ðq1 Þ.

ð3Þ

Note that we can calculate E½E½W 2 jq1  and
E½W 1 ðq1 Þ in (3) by using the distribution of q1, the
steady-state solution of the M/D/1 queue. An eﬃcient algorithm to obtain the steady-state solution
can be found in, for example [20].
Now, in order to enhance our understanding of
the proposed model (3), consider the two extreme
cases where Din ! 0 and Din ! 1. First, we have
the following result when Din ! 0:
Proposition 2. When Din  1/k, the relationship
between the input and the output probing gaps
becomes
E½Dout  ¼

r
Lp
Din þ þ oðDin Þ.
C
C

Proof. From the basic property of the Poisson
process, when Din  1/k,

1; with probability kDin þ oðDin Þ;
Að0; Din Þ ¼
0; with probability 1  kDin þ oðDin Þ.
Then, for given q1,
F Din ðxÞ ¼ ð1  kDin ÞIðx  N 0 DÞ
þ kDin Iðx  ðN 0 þ 1ÞDÞ
þ oðDin Þð1  Iðx  MDÞÞ;
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where I( Æ ) is the indicator function and M is a sufﬁciently large number independent of Din. Hence,
Z 1
E½W 2 jq1  ¼
ð1  F Din ðxÞÞ dx

Fig. 2. Multi-hop model.

0

¼ kDDin þ N 0 D þ oðDin Þ.
By using W1 = (N0  Lp/Lc)D,

where f(t)  g(t) represents f(t)/g(t) ! 1 as t ! 1.

an end-to-end path as in Fig. 2. Let Ci, Xi, q1,i,
and q2,i denote, respectively, the link capacity, the
amount of cross-traﬃc, and the queue length of
the ﬁrst and the second probing packets on the ith
link, 1 6 i 6 M. Also, the average packet sending
rate of Xi and the link utilization of link i are
denoted by ki and ui, respectively. Furthermore, let
Di denote the inter-departure time from the ith
queue. Then Di becomes the inter-arrival time at
the (i + 1)th queue, and Din = D0 and Dout = DM.
With the above notations, the available bandwidth
of the ith link is Ai = Ci(1  ui) and the available
bandwidth of a path is As where s = argi min Ai.
The assumption of a single tight link represents
the case where As  Ai for i = 1, . . . , M, i 5 s.
Similarly as the single-hop case in (2), we have

Proof. From (2),

Di  Di1 ¼ W 2;i  W 1;i ;

E½Dout jq1   Din ¼ E½W 2 jq1   W 1
¼ kDDin þ Lp D=Lc þ oðDin Þ.

ð4Þ

Since Dout is independent of q1, with D = Lc/C
L
and r = kLc, (4) becomes E½Dout  ¼ Cr Din þ Cp þ
oðDin Þ. h
Here, we should note that the result in Proposition 2
is identical to the full-utilization case of the deterministic model in (1).
When Din ! 1, we have the following result:
Proposition 3. When Din ! 1,
E½Dout   Din ;

E½Dout   Din ¼ E½W 2   E½W 1 

Here, again note that the result in Proposition 3
is identical to the under-utilization case of the deterministic model in (1). Hence, from Propositions 2
and 3, the deterministic model (1) can be considered
as an asymptote of the proposed stochastic model.
The relationship in Proposition 3 can also be
explained in a qualitative manner from a physical
viewpoint. The diﬀerence between E½W 2  and E½W 1 
results from the ﬁrst probing packet itself. The arrival of the ﬁrst probing packet perturbs the M/D/1
system as it acts as an additional packet in the initial
state of the system. Consequently, this perturbation
makes E½W 2  P E½W 1 . The eﬀect of the ﬁrst probing
packet will eventually disappear as Din ! 1, and
we have Proposition 3.
4. Stochastic packet-pair model: multi-hop case
Here, we derive a model for a multi-hop path
which has a single tight link. Consider M links in

ð5Þ

Hence, by adding all the terms on each side from
i = 1 to M, we have

¼ E½E½W 2 ðq2 Þjq1   E½W 1 ðq1 Þ.
As Din ! 1, W2 becomes independent of N0 and
consequently, E½W 2   E½W 1 . Hence, when Din is
very large, E½Dout   Din . h

i ¼ 1; . . . ; M.

Dout  Din ¼ DM  D0 ¼

M
X

ðW 2;i  W 1;i Þ.

i¼1

Then,
E½Dout  ¼ Din þ

M
X

E½W 2;i  W 1;i 

i¼1

¼ Din þ

M
X

E½E½W 2;i  W 1;i jq1;i .

ð6Þ

i¼1

Now, we ﬁrst consider a two-hop case and extend
the result to the general multi-hop path.
4.1. Two-hop case
Before dealing with a general multi-hop path, we
ﬁrst consider a two-hop path, i.e., M = 2 in Fig. 2.
First, we assume that D1 < D2 . This implies that
the available bandwidth of the path is that of the
second link. From (6) with M = 2, we have
E½Dout  ¼ Din þ E½W 2;1  W 1;1  þ E½W 2;2  W 1;2 .
Now, we derive an explicit relationship between
E½Dout  and Din under the assumption of a single
tight link. If we further assume that D1  D2 and
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Din is around D2 , then Din  D1 . Hence, we have
E½W 2;1  W 1;1   0 from Proposition 3. In this case,
we have
E½Dout   Din þ E½W 2;2  W 1;2 .
When D0 is around

D1 ,

Din 

ð7Þ
D2

and

E½D1   Din þ E½W 2;1  W 1;1 .
Also,
Lp
.
C2

E½Dout   u2 E½D1  þ
Hence,

E½Dout   u2 ðDin þ E½W 2;1  W 1;1 Þ þ

Lp
.
C2

ð8Þ

Both (7) and (8) can be solved in the same manner
as the single-link case. Note that, in ﬁnding the
available bandwidth along the path, only (7) is
needed. Also, note that (7) and (8) are valid under
the assumption of D1  D2 . As D1 approaches D2 ,
i.e., the available bandwidth of the ﬁrst link approaches that of the second link, the assumption is
no longer valid, and (7) and (8) become inaccurate.
Now, let us consider the case of D1 > D2 , i.e., the
available bandwidth of the path is that of the ﬁrst
link. Similarly to the case of D1 < D2 , we further
assume D1  D2 . When Din is around D1 , similarly
as in (7) we have
E½Dout   Din þ E½W 2;1  W 1;1 .
When Din is around

D1



D2 .

Hence,
ð10Þ

From (9) and (10), we know that the characteristic
value of the second link, i.e., D2 is not observable
via the packet-pair technique when the available
bandwidth of the ﬁrst link is smaller than that of
the second link. We will also verify this phenomenon in the simulations in Section 5.
4.2. Multi-hop case
By extending the two-hop analysis to the M-hop
case,
E½Dout  ¼ Din þ

M
X

E½W 2;i  W 1;i 

i¼1

 Din þ

s
X
i¼1

E½W 2;i  W 1;i ;

E½Dout  ¼ Din þ

M
X

E½W 2;i  W 1;i 

i¼1

 Din þ E½W 2;s  W 1;s .

ð11Þ

The multi-hop model (11) shows that we can obtain
the available bandwidth of the path from the local
analysis which is identical to the single-hop case in
(3) when we assume a single tight link.
4.3. Discussion on the proposed model

E½D1   Din þ E½W 2;1  W 1;1 .
E½Dout   Din þ E½W 2;1  W 1;1 .

where the sth link has the minimum available bandwidth. Hence, based on the packet-pair technique,
we cannot observe the characteristic value of any
link after the tight link. In other words, any link
after the tight link does not aﬀect the relationship
between the input and the output probing gaps.
Consequently, the available bandwidth of any link
after the tight link is not observable in an end-toend manner if we use the packet-pair technique.
We can obtain the information only on the available
bandwidth of the ith link where i 6 s.
If we are concerned only with obtaining the available bandwidth of an end-to-end path, it is suﬃcient
to observe the behavior of the packet-pair technique
in the vicinity of Din ¼ Ds . If we assume that
Ds  Di , i = 1, . . . , M, i 5 s, i.e., there is a single
tight link as in the cases of (7) and (9), we can derive
the following approximate model for the multi-hop
path:

ð9Þ

D2 ,

we also have E½Dout   E½D1  with
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Here, we discuss the impact of the proposed
packet-pair model on available bandwidth estimation. Since the multi-hop analysis is identical to
the single-hop case when we are concerned only
about the available bandwidth of the path under
the assumption of a single tight link, we discuss
the single-hop model (3) in relation to the available
bandwidth estimation. We show the diﬀerence
between the proposed model (3) and the deterministic model (1) in Fig. 3. The ﬁgure shows that available bandwidth estimation algorithms based on (1)
may give an inaccurate estimate of the characteristic
value D* because of the modeling error. Further, the
error is most signiﬁcant when Din = D* (24 ms in
Fig. 3). This error between the deterministic and
the stochastic models has been also identiﬁed and
termed as the probing bias in [14]. The inﬂuence
of the probing bias on available bandwidth measurement is signiﬁcant since the probing bias makes
it diﬃcult to estimate the characteristic value by
observing the relationship between Dout and Din.
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Fig. 3. Diﬀerence between the proposed and the deterministic
models.

5. Model validation
In this section, we validate our stochastic model
via ns-2 simulations and experimental results.
5.1. ns-2 simulations for single-hop topology
We perform simulations for a single-hop topology composed of two drop-tail routers that are connected via a link with the capacity of 1 Mb/s and a
propagation delay of 15 ms. First, we investigate the
deterministic model (1). In the simulation, the cross
traﬃc consists of N Pareto sources, and each source
generates packets at the rate of 32 Kb/s with the
packet size of Lc = 50 bytes. Fig. 4(a) and (b) show
Din  Dout versus Din for N = 7 and 15, respectively,
where Dout :¼ E½Dout . The sizes of probing packets
are 500, 1000, and 1500 bytes, respectively. Note
that we introduce Din  Dout ¼: Kout to highlight
out
the change of oD
around the characteristic value
oDin

300 trials. The solid lines are obtained from the
deterministic model in (1) with q = 0. We can see
that the simulation data asymptotically converges
to the analytical values. However, the modeling
error around Din = D* becomes larger as the link utiout
lization or the probing packet size increases. oK
oDin
*
changes smoothly around Din = D in the simulation
results while it changes abruptly at Din = D* in the
deterministic model. This implies that the stochastic
nature of cross-traﬃc makes it diﬃcult to ﬁnd the
value of D* in practice.
Now, we validate the stochastic model in (3).
Figs. 5–7 show Kout versus Din for Poisson, exponential ON–OFF, and Pareto ON–OFF cross-traﬃc,
respectively. Even though we have assumed Poisson
cross-traﬃc in our analysis, we perform simulations
with exponential ON–OFF and Pareto ON–OFF
cross-traﬃc to see the eﬀect of the cross-traﬃc distribution. Each ﬁgure shows the result for diﬀerent
sizes of probing packets (Lp = 500, 1000, and 1500
bytes) with the utilization of 24% and 50%, respectively. In all the simulations, we use Lc = 50 bytes
for the packet size of cross-traﬃc. In Fig. 5, we
can see that each of the simulation results agrees
very well with the stochastic model in (3). This is
because the Poisson cross-traﬃc is used both in
the model and the simulations. Now, we consider
the exponential ON–OFF sources in Fig. 6. In
Fig. 6, the Poisson cross-traﬃc is used for the model
as in Fig. 5 while the exponential ON–OFF cross
traﬃc is employed in the simulation. Accordingly,
we can see that there exist some errors between
the model and the simulation data. Note that the
slope of Kout changes more slowly around Din = D*
in the simulation data than in the model. Next, we
consider the case of the Pareto ON–OFF cross-traf-

Fig. 4. Validation of the deterministic model: Din  Dout ð¼: Kout Þ versus Din.
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Fig. 5. Kout versus Din for the Poisson cross traﬃc in a single-hop topology.

Fig. 6. Kout versus Din for the exponential ON–OFF cross-traﬃc in a single-hop topology.

Fig. 7. Kout versus Din for the Pareto ON–OFF cross-traﬃc in a single-hop topology.

ﬁc in Fig. 7. Similarly as in Figs. 6 and 7 show some
error around Din = D* for the same reason. Note
that the variance of the Pareto ON–OFF traﬃc is
even larger than that of the exponential ON–OFF
traﬃc, and Kout changes more slowly in the simulation data of Fig. 7 than that of Fig. 6.

Now, we vary the packet size of the Poisson
cross-traﬃc to investigate the eﬀect of the packet
size on the model accuracy. Fig. 8(a) and (b) show
the simulation results of Kout vs. Din under diﬀerent
link utilizations for the packet sizes of 50 and 500
bytes, respectively. When the packet size is 50 bytes,
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we can verify from Fig. 8(a) that the proposed
model is quite accurate. When the packet size is
500 bytes in Fig. 8(b), the proposed model still
agrees quite well with the simulation result. Note
that each point in Fig. 8 is an average value of
30,000 trials. We will also investigate the eﬀect of
the packet size in cross traﬃc with the empirical
results in Section 5.3.
5.2. ns-2 simulations for two-hop topology
We now validate the stochastic model for the
two-hop topology, which is composed of three
drop-tail routers that are connected via two links
with capacity of either C1 = 2 Mb/s and C2 =
1 Mb/s (which corresponds to the case D1 < D2 )
or C1 = 1 Mb/s and C2 = 2 Mb/s (which corresponds to the case D1 > D2 ). The cross-traﬃc on
the ﬁrst link (the second link) is composed of 23
(15) Pareto sources that give an aggregate rate of
r = 736 Kb/s (r = 480 Kb/s). The packet size Lc

of cross-traﬃc is 100 bytes. Fig. 9(a) and (b) show
the analytical and simulation results for the cases
of D1 < D2 and D1 > D2 , respectively. In the case
of
D1 < D2
(Lp = 1500 bytes,
C1 = 2 Mb/s,
out
C2 = 1 Mb/s), we can see two changes in oK
oDin


around Din ¼ D1 ¼ 9:5 ms and Din ¼ D2 ¼ 23:1 ms
in Fig. 9. Note that D2 gives the information on
the available bandwidth along the path. In the
case of D1 > D2 (Lp = 1500 bytes, C1 = 1 Mb/s,
out
C2 = 2 Mb/s), we only see one change in oK
oDin

around Din ¼ D1 ¼ 23:1 ms. Hence, Fig. 9 shows
that the multi-hop model in (11) agrees quite well
around the largest characteristic value, which gives
information on the available bandwidth of the
path.
5.3. Empirical results in two-hop network
Here, we investigate the proposed stochastic
model in a real network environment. The network
is composed of three routers R1, R2, and R3 that are

Fig. 8. Packet size eﬀect of cross-traﬃc (Lp = 1500 bytes).

Fig. 9. Kout versus Din for the Pareto ON–OFF cross-traﬃc in the two-hop topology.
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connected via two 100 Mb/s links and ﬁve hosts,
denoted by l1, l2, and Hi, i = 1, . . . , 5, respectively,
as depicted in Fig. 10. Here, each host is a PC with
a single 2.66 GHz processor and 1 GByte RAM
that runs Redhat Linux Release 9.0 with the kernel
version 2.4.20–31.9. The routers used in the
experiments are Cisco 1700 Series. The path for
which we injected the probing packets was
P : H 1 ! R1 ! R2 ! R3 ! H 3 , which constitutes a
two-hop path. Each of the experimental data points
in Figs. 11 and 12 is an average of 5 trials.
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The Poisson cross-traﬃc is generated and traverses the path from H5 to H4. Hence, the link
l2 : R2 ! R3 becomes the tight link of the path P.
Fig. 11(a) and (b) show Kout for Lp = 500, 1000,
and 1500 bytes, when Lc is 250 bytes and the link
utilization is 25% and 50%, respectively. We can
see that the stochastic model agrees quite well with
the experimental data in the ﬁgure. The path P used
in the experiments was composed of two links
l1 : R1 ! R2 and l2 : R2 ! R3, and the corresponding characteristic values of the link l1 are

Fig. 10. Topology used in the experiments.

Fig. 11. Kout versus Din with the Poisson cross traﬃc of Lc = 250 bytes in the two-hop experiment.

Fig. 12. Kout versus Din with the Poisson cross-traﬃc of Lc = 750 bytes in the two-hop experiment.
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D1 ¼ Lp =C 1 ¼ 40, 80, and 120 ls for Lp = 500, 1000,
and 1500 bytes, respectively. Similarly, the characteristic values of link l2 when u = 25% (u = 50%)
are D2 ¼ Lp =ðC 2  r2 Þ ¼ 160=3, 320/3, and 160 ls
(80, 160, and 240 ls) for Lp = 500, 1000, and
1500 bytes, respectively. Since D1 < D2 , we can
observe both D1 and D2 in Figs. 11 and 12 as in
Fig. 9(a). Note that the experimental data changes
smoothly around Din ¼ D2 as expected, and this
makes it diﬃcult to ﬁnd D2 . This diﬃculty is not
apparent with the deterministic model in (1).
Fig. 12 shows the results of the similar experiments
with Lc = 750 bytes. From the ﬁgure, we can see
that the stochastic model follows the experimental
data quite well. In summary, the experimental
results show that the proposed model is quite accurate in a real environment even when the packet size
of cross-traﬃc is large (Lc = 250 bytes in Fig. 11 and
Lc = 750 bytes in Fig. 12).
6. Related work
The packet-pair technique originally appeared in
the seminal work by Jacobson [3], Keshav [4], and
Bolot [5]. This early work was followed by extensive
research into the packet-pair technique. Here, we
investigate several recent models of the packet-pair
technique for bandwidth measurement.
In [7], Dovrolis et al. proposed the following relationship between the input and the output probing
gaps:
(
Di1 6 si þ d 1i ;
si þ d 2i ;
Di ¼
ð12Þ
Di1 þ ðd 2i  d 1i Þ; otherwise;
where si and d 1i denote the transmission delay and
the queueing delay of the ﬁrst probing packet at
the ith link, respectively. Also, d 2i denote any additional queueing delay of the second probing packet
at the ith link after the ﬁrst probing packet has departed from the link. Hence, d 2i ¼ W 2;i when
Di1 P si þ d 1i , but d 2i 6¼ W 2;i when Di1 6 si þ d 1i .
Under the ﬂuid cross traﬃc with a constant rate,
L
we have si = Lp/C, d 1i ¼ rDi1 when Di1 6 Cpi þ d 1i
Lp
1
2
1
and d i ¼ d i when Di1 > Ci þ d i . Hence, (12) exactly matches the deterministic model (1) under
the assumption of ﬂuid cross-traﬃc. Note that (12)
is more general than the deterministic model (1)
since (12) describes the stochastic relationship between Di1 and Di. We can easily show that (12)
can be transformed into (5) as follows: from the definitions, we can easily know that d 1i ¼ W 1;i and

si þ d 1i þ d 2i ¼ Di1 þ W 2;i when Di1 6 si þ d 1i .
When Di1 P si þ d 1i , we have d 1i ¼ W 1;i and
d 2i ¼ W 2;i . Hence, with these relationships, (12) can
be converted into (5).
As already explained, a deterministic packet-pair
model was derived under an assumption of ﬂuid
cross-traﬃc in [8], which is a deterministic version
of (12). As we have shown in Propositions 2 and
3, this deterministic model corresponds to an
asymptote of the proposed M/D/1 model.
More recently, a stochastic analysis of packet
pair/train has been given in [14], in which the following upper and lower bounds for the single-hop
case was derived based on a sample-path analysis
(
L
Lp
r
Din þ Cp ; Din 6 Cr
;
LðE½Dout Þ ¼ C
ð13Þ
Din ;
otherwise;
8
Lp
Lp
r
>
>
< C Din þ C ; Din 6 C ;
ð14Þ
U ðE½Dout Þ ¼ Cr Din þ Din ; LCp 6 Din 6 Lrp ;
>
>
Lp
:
Din þ C ;
otherwise.
We can verify that (13) is identical to the deterministic model (1), which is an asymptote of the stochastic model (3).
Furthermore, from (14), we have the following
lower bound for Kout ¼ Din  E½Dout 
8
Lp
Lp
r
>
>
< ð1  CÞDin  C ; Din 6 C ;
Lp
L
ð15Þ
LðKout Þ ¼  Cr Din ;
6 Din 6 rp ;
C
>
>
: Lp
C;
otherwise.
Since E½E½W 2 jq1  in (3) is a decreasing function of
Din, Kout is an increasing function of Din. Hence,
we know from (15) that the upper bound in (14) is
L
L
not very tight when Cp 6 Din 6 rp . Overall, the sample-path analysis in [14] has successfully shown the
general characteristics of the packet pair/train probing technique. Our analysis diﬀers from the result of
[14] in that we have derived an explicit relationship
under Poisson cross-traﬃc. Further, we have given a
novel insight that the transient queueing analysis
can accurately describe the behavior of a packet
pair. This insight has a signiﬁcant importance since
it provides an eﬀective way of modeling the packetpair technique by using queueing theory.
7. Conclusion
In this paper, we have derived an explicit packetpair model, which reﬂects the stochastic nature of
cross-traﬃc. We have investigated the mathematical
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relationship between the input and the output probing gaps of a packet pair in the single-hop and the
multi-hop cases under the assumption of stationary
Poisson cross-traﬃc. We have shown that the proposed model agrees very well with the ns-2 simulations and the empirical results. Based on the
analysis, we have pointed out that most of the
recent models of the packet-pair technique can be
regarded as special cases of the proposed model.
We expect that the proposed model will play an
important role in developing a measurement mechanism for estimating network bandwidth.
There remain several issues for future research
work. In the analysis of developing a multi-hop
model, we have made an assumption of a single
tight link. However, this assumption will be unrealistic if two or more links have nearly the same available bandwidth. Hence, development of a multi-hop
model without this assumption remains as future
work. It is also necessary to carry out large-scale
measurement on the Internet in order to verify the
stochastic model with real network traﬃc. Extension of the M/D/1 model to the M[X]/D/1 case
is another future task to take account of the
multi-modal distribution of the Internet traﬃc
packet size.
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ðktÞi
i!

ekt . In order to have j customers in the system
at time t, we need j  N0 + K(t) new arrivals during
(0, t], and consequently, for any t 2 (0, D],
8 jN þKðtÞ
< ðktÞ 0
ekt ; j P N 0  KðtÞ;
pj ðtÞ ¼ ðjN 0 þKðtÞÞ!
:
0;
j < N 0  KðtÞ.
When t > D, by conditioning on the number of
packets at time t,
pj ðt þ DÞ ¼ P ðN ðtÞ ¼ 0ÞP ðj arrivalsjN ðtÞ ¼ 0Þ
þ

jþ1
X

P ðN ðtÞ ¼ iÞP ðj þ 1  i arrivalsjN ðtÞ ¼ iÞ

i¼1

ðkDÞ kD X
ðkDÞ
pi ðtÞ
e þ
ekD
j!
ðj
þ
1

iÞ!
i¼1
j

¼ p0 ðtÞ

jþ1

jþ1i

for all j 2 N0 . Let us deﬁne the transition matrix
P = [pij] as follows:
8 j1
ðkDÞ
>
ekD ;
for i ¼ 1;
>
>
< ðj1Þ!
jiþ1
pij ¼ ðkDÞ
ekD ; for 2 6 i 6 j þ 1;
>
ðjiþ1Þ!
>
>
:
0;
otherwise.
Then,
pðt þ DÞ ¼ pðtÞP .

ðA:1Þ

By applying (A.1) iteratively, we can determine
p(t + mD) for any m 2 N as follows:
pðt þ mDÞ ¼ pðtÞP m .

ðA:2Þ

From (A.2), the following relation is obtained:
Appendix A

pðtÞ ¼ pðt mod DÞP bt=Dc .

A.1. Proof of Lemma 1
A.2. Proof of Proposition 1
Here, the proof is a slight modiﬁcation of the
result in [17]. When t 2 (0, D] where D = Lc/C, the
only packets that may have left the system since
t = 0 are those already in service at t = 0. There
are initially N0 = q1 + Lp/Lc + 1 packets at t = 0
and let K(t) denote the number of packets that have
left the system by the time t. With the residual
service time d,
(
1; for d 6 t 6 D
KðtÞ ¼
0; otherwise.
Note that d = 0 and K(t) = 1, t 2 (0, D] if there is no
packet in service at t = 0. During the time interval
(0, t] there will be i new arrivals with probability

Here, the proof adopts the result in [17]. Let N(t)
denotes the number of packets in the system at time
t. Since the arrival of the second probing packet is
independent of any packet arrivals of cross traﬃc,
P ðN ðtÞ ¼ ij second probing packet arrives at Din Þ
¼ pi ðtÞ;
for 0 6 t < Din. Since Din > 0 and 0 < v 6 D, epoch
Din + D  v must take place after t = 0. Now we divide the problem into the following two cases:
Din  v 6 0 as Case 1 and Din  v > 0 as Case 2. In
Case 1, Din + D  v 2 (0, D]. Therefore, at t = Din +
D  v, the system contains N0  K(Din + D  v)
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packets that were already in the system at t = 0.
Another group of packets arriving before the second
probing packet are those which arrive in (0, Din). Let
A(t1, t2) denote the number of packet arrivals in
interval (t1, t2), then

A(Din  v, Din) packets in the system that arrived
before the second probing packet. Hence, when
Din  v > 0, we have

N Din ðDin þ D  vÞ ¼ N 0  KðDin þ D  vÞ

By conditioning on the number of arrivals during
[Din  v, Din], we get

þ Að0; Din Þ; t  v 6 0.

ðA:3Þ

In addition, we can obtain a relation between
W(Din) and N Din ðtÞ in the following way. Consider
the two cases: N Din ðDin þ D  vÞ < k and N Din ðDin þ
D  vÞ P k. First, when N Din ðDin þ D  vÞ < k,
(k  1)D time units later we must have N Din
ðDin þ kD  vÞ < k  ðk  1Þ ¼ 1. Consequently, we
know that the virtual packet will not be in the queue
at t = Din + kD  v. Hence,
N Din ðDin þ D  vÞ < k ) W ðDin Þ 6 kD  v.

ðA:4Þ

On the other hand, if N Din ðDin þ D  vÞ P k, the
virtual packet will remain in the queue at
t = Din + kD  v. Consequently,
N Din ðDin þ D  vÞ P k ) W ðDin Þ > kD  v.

ðA:5Þ

By considering (A.4) and (A.5) together,
N Din ðDin þ D  vÞ < k () W ðDin Þ 6 kD  v.

ðA:6Þ

P ½W ðDin Þ 6 kD  v ¼ P ½N Din ðDin þ D  vÞ < k.
ðA:7Þ
From (A.3) and (A.7), when Din  v 6 0,
P ðW ðDin Þ 6 kD  vÞ ¼ P ðAð0; Din Þ
< k  N 0 þ KðDin þ D  vÞÞ.
Since A(0, Din) is Poisson, independent of N0 and
K(Din + D  v),

j¼0

¼ P ðLq ðDin  vÞ < k  jÞ;
when Din  v > 0. Since A(Din  v, Din) is independent of Lq(Din  v),
P ðW ðDin Þ 6 kD  vÞ
¼

k1
X

P ðLq ðDin  vÞ < k  jÞ

j¼0

ðkvÞj kv
e ;
j!

when Din  P
v > 0. By using the cumulative probabilmþ1
ity Qm ðtÞ ¼ i¼0
pi ðtÞ,
P ðW ðDin Þ 6 kD  vÞ
¼

k1
X

j

Qkj1 ðDin  vÞ

ðkvÞ kv
e .
j!

ðA:8Þ

Note that Qkj1(Din  v) can be easily calculated
from Lemma 1. By substituting x = kD  v and
k ¼ bDx c þ 1 in (A.8), the waiting time distribution
F Din ðxÞ ¼ P ðW ðDin Þ 6 xÞ is obtained as follows:
8 x
bDcN 0 þKðyþDÞ
>
P
ðkDin Þj kDin
>
>
e
; y 6 0;
>
j!
<
j¼0
F Din ðxÞ ¼
bDx c
>
>
ðkzÞj kz
>P
>
otherwise;
: QbDx cj ðyÞ j! e ;
j¼0

where y := Din  D + (x mod D)
(x mod D).

and

z := D 
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