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a b s t r a c t
We consider the bandwidth provisioning problem in service overlay networks (SON). We formulate the
bandwidth provisioning problem in an optimization framework taking the stochastic processes involved
into consideration. First, we provide the optimal solution that maximizes the expected net revenue in a
single-link network under stationary trafﬁc demand. Then, we show that the revenue maximization
problem in a general topology under stationary trafﬁc can be nicely approximated by a separable convex
optimization problem. We derive an approximate optimal solution for a general topology and provide a
bandwidth provisioning algorithm via a gradient method, which works in a distributed manner. We also
verify the effectiveness of the approximate optimal solution by showing several important characteristics
of the solution. The performance of the algorithm is investigated through extensive simulations.
 2008 Elsevier B.V. All rights reserved.

1. Introduction
Recently, the notion of service overlay networks (SON) has been
widely applied to various areas of the Internet. Overcast [1]
adopted an overlay structure for the application-level multicasting
service. Scattercast [2] is a broadcasting infrastructure that forms
an overlay network. Detour [3] and Resilient Overlay Networks
(RON) [4] employ overlay techniques to improve routing support.
Overlay network architectures have also been employed in peerto-peer services [5]. In addition, overlay techniques have attracted
much attention from industries [6,7] as a method to provide endto-end Quality-of-Services (QoS) over the current Internet. In fact,
the concept of overlay networks is quite old and the Internet itself
was devised as an overlay network on the telephone network. The
SON structure considered here is a logical generalization of these
architectures.
A SON consists of connections between service gateways that
forward packets and perform control functions. The logical connection between two service gateways is offered by the underlying
network domain, characterized by a certain amount of bandwidth
and other QoS constraints. QoS constraints are speciﬁed in a Service Level Agreement (SLA) between a SON and the network domain. Based on the SLA, a SON can guarantee the end-to-end QoS
via appropriate bandwidth provisioning for each logical link. In
the deployment of a SON, it is a critical issue for the SON provider
to maximize the net revenue. Among the costs incurred in the

* Corresponding author. Tel.: +1 217 419 6556; fax: +1 217 244 6500.
E-mail addresses: kjp@uiuc.edu, kyungjoon.park@gmail.com (K.-J.
chchoi@csl.snu.ac.kr (C.-H. Choi).
1
Tel.: +82 2 880 7313; fax: +82 2 885 4459.
0140-3664/$ - see front matter  2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.comcom.2008.04.028

Park),

deployment of a SON, a major one is the cost of purchasing bandwidth from the network domains. Meanwhile, a SON must provide
an appropriate amount of bandwidth to satisfy the end-to-end QoS
constraints. Hence, there is a tradeoff between the bandwidth cost
and the QoS guarantee in the revenue-maximizing problem of a
SON. Consequently, it is crucial to ﬁnd a way to resolve this bandwidth provisioning problem in the deployment of a SON.
The bandwidth provisioning problem has been studied extensively in various frameworks [8–17]. In this paper, we consider
the bandwidth provisioning problem in a SON as the work in
[8,9], where the bandwidth provisioning problem was considered
as an effective means to provide end-to-end QoS services and has
been successfully formulated and approximately solved within
an optimization framework. However, the necessary condition in
[8,9], which constitutes a set of coupled equations, is difﬁcult to
solve as the number of links increases. Furthermore, there is not
enough information on the problem structure to guarantee the
convergence of the algorithm in [8,9]. In this work, we rigorously
formulate the bandwidth provisioning problem in an optimization
framework with stochastic processes involved. Then, we obtain a
necessary and sufﬁcient optimality condition in a single-link topology with the wide-sense stationary assumption of the trafﬁc demand. Then, we incorporate a gradient algorithm for obtaining
the optimal solution. Furthermore, we show that the problem in
a general topology can be approximately constructed as a separable
convex optimization problem. Consequently, as in the single-link
case, we develop a bandwidth provisioning algorithm in a general
topology, which works in a distributed manner.
The main contribution of this paper is as follows: First of all, we
rigorously formulate the SON bandwidth provisioning problem in
an optimization framework and construct an approximate
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optimization problem that is shown to be separable and convex.
From the convexity, we can guarantee the convergence of the gradient algorithm. Also, the curse of dimensionality problem, which
is an important issue for scalability, can be circumvented by the
separability of the problem. Furthermore, we derive important
mathematical relations between the original and the approximate
problems, which show the effectiveness of the approximate optimal solution.
The remaining part of the paper is organized as follows: In Section 2, we give a detailed explanation on the bandwidth provisioning problem in an optimization framework and introduce the
notations and the net revenue function. Then, we propose the optimal solution in a single-link topology and formulate an approximate optimization problem in a general topology, which is
shown to be separable and convex. We also show several important characteristics of the approximate optimal solution. Extensive
simulation results are given in Section 3. Finally, conclusions follow in Section 4.
2. Bandwidth provisioning problem in SON
In this section, we formulate the bandwidth provisioning problem within an optimization framework taking into consideration
the QoS violation and the network revenue. Note that the formulation of the net revenue in a stochastic framework is more rigorous
than those in [8,9]. Based on the formulation, we show that the
revenue maximization problem can be nicely approximated by a
separable convex optimization problem. Hence, we can guarantee
the convergence of a gradient algorithm that ﬁnds an optimal solution for the approximate problem, which is just slightly larger than
the optimal solution for the original problem.
2.1. A logical model of SON
With the pipe model, a SON provides the required amount of
bandwidth between any two service gateways across a network
domain, i.e., a pipe with a certain amount of bandwidth is provided
between any two service gateways. Since our formulation of the
bandwidth provisioning problem is based on the work in [8,9],
we use the same logical model of a SON. We represent the logical
path from a service gateway u to an adjacent service gateway v
across a network domain D by a three-tuple l = (u,v,D) and consider
l as a link between u and v across D. We assume that a certain
amount of bandwidth is assigned to each path between a SON
and the access networks which act as sources and sinks of trafﬁc.
We can consider each access network A as a virtual service gateway
uA. Then, as in the service gateway case, we can simply represent
the connection between uA and an adjacent gateway v across A
by a corresponding link (uA,v,A). For a given logical link l = (u,v,D),
a SON provider will make a contract with the underlying network
domain D guaranteeing a certain amount of bandwidth cl. The
bandwidth provisioning problem of the SON would then be to decide the bandwidth of each link l = (u,v,D) so that its overall revenue can be maximized with a certain level of end-to-end QoS
guarantee.
Although the QoS requirement for a SON service can be assessed
by quite diverse metrics such as loss probability, delay or delay jitter, control of link utilization is a key issue in providing QoS in
most cases. In other words, it is required to ensure that the overall
load on a link does not exceed a certain level of pre-speciﬁed link
utilization. Consequently, we simply consider the problem of
determining the level of link utilization for QoS guarantee of a SON.
With the level of link utilization as a QoS metric, there is a
tradeoff between seeking the maximum revenue and guaranteeing
the QoS simultaneously. If we increase the link bandwidth cl, then,

we can guarantee a high level of QoS. Yet, at the same time, the
revenue will decrease as a result of the additional cost for purchasing bandwidth, and vice versa. Hence, the bandwidth provisioning
problem now becomes an optimization problem of ﬁnding an optimal link bandwidth that maximizes the revenue with QoS constraints. This will be explained in detail in the next section.
2.2. Bandwidth demand, QoS violation, and net revenue
Now, we rigorously formulate the bandwidth provisioning
problem in an optimization framework, taking into consideration
the stochastic processes involved. To this end, we introduce several
notations. For a set A, let jAj denote its cardinality. Consider a set L
of links, indexed by l = 1,2, . . . ,jLj with capacities cl. Also think of a
set S of trafﬁc sources, indexed by s = 1,2, . . . ,jSj. For each source s,
let Xs denote the trafﬁc demand of source s averaged over the n-th
micro-time slot. The micro-time unit is denoted by Dm. Note that
the micro-time unit Dm is relatively very small compared to the
macro-time unit, denoted by DM. Hereafter, the period Dm is considered as the basic time unit for trafﬁc demand and DM for bandwidth provisioning, respectively. Furthermore, for each l, let Yl
P
denote the trafﬁc demand for link l, then Y l ¼ s2SðlÞ X s where
S(l)  S is a set of s which traverses link l. Here, let fX(x) denote
the probability density function (pdf) of X.
We assume that a SON receives gs amounts of money from
source s per unit of trafﬁc per unit time. On the other hand, a
SON pays Ul(cl) per unit time for reserving cl amount of bandwidth
for link l. We refer to Ul(cl) as the bandwidth cost function of link l.
Further, for each source s, let ps denote the penalty per unit of trafﬁc demand per unit time when the QoS is violated.
Now, our main concern is to maximize the expected net revenue by adjusting the values of cl’s, l = 1,2,    ,jLj. With all these
notations, we can express the net revenue of a SON as follows:

W¼

X

gs Xs 

s

X

Ul ðcl Þ 

X

ps X s I s ;

s

l

where Is is the penalty indicator function of source s with

Is ¼



1 if
0

9l 2 LðsÞ such that Y l > cl ;

otherwise;

and L(s)  L is a set of l which are traversed by source s. The objective is to choose link bandwidths bi c = (cl,l 2 L) such that

maximize E½W
subject to cl P mY l ;

ð1Þ

8l 2 L;

where mY l ¼ E½Y l . The constraint in (1) suggests that the average
aggregate trafﬁc demand at any link should not exceed the bandwidth. In the following section, we derive an algorithm for obtaining the optimal solution in a single-link topology and develop a
distributed algorithm for an approximate optimal solution in a general topology.
2.3. Single-link topology: optimal solution
In a single-link topology, we have

W ¼ g 1 X 1  U1 ðc1 Þ  p1 Z 1 ;

ð2Þ

where Z1 = X1I1. For notational simplicity, we omit subscripts hereafter. By taking expectation in (2),

E½W ¼ gm  ðUðcÞ þ pE½ZÞ; ¼ gm  VðcÞ;
where m ¼ E½X, and VðcÞ :¼ UðcÞ þ p

maximize E½W ¼ gm  VðcÞ
subject to c P m:

R1
c

xfX ðxÞdx. Hence, we have

ð3Þ
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Consequently, instead of maximizing E½W, now we can solve the
optimization problem by minimizing V(c) in (3) as follows:

minimize VðcÞ

Note that the overall bandwidth provisioning problem is practically
meaningful only when j < j where

1
1þ
j ¼ cfX ðcÞ ¼ pﬃﬃﬃﬃﬃﬃﬃ
2 2p

subject to c P m:

2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!2 3
2
4d2 þ 1
1
þ
1

1
4d
5;
exp4
d
2
d

The necessary optimality condition for minimizing V(c) is

dVðcÞ dUðcÞ
d
¼
þp
dc
dc
dc

Z

and d = r/m. Consequently, we have the following proposition:

1

xfX ðxÞdx ¼ 0:

Proposition 1. A solution to (5) exists if

c

From the Leibniz integral rule, we have

dVðcÞ dUðcÞ
¼
 pcfX ðcÞ ¼ 0:
dc
dc

ð4Þ

Now, assume that U(c) is linear, i.e., U(x) = /x as in [9] and fX(x) is
Gaussian. Gaussian assumption of fX(x) is reasonable since X is
aggregate trafﬁc with high degree of multiplexing. With these
assumptions, we can express the necessary optimality condition
(4) as

j  cfX ðcÞ ¼ 0;

ð5Þ
1
pﬃﬃﬃﬃ
2pr

2
exp½ ðcmÞ
.
2r2

where j = //p and fX ðcÞ ¼
There are three cases to the solutions to (5) according to the va> 0,
lue of j. The ﬁrst case is when (5) has no solution and dVðcÞ
dc
8c 2 Rþ , which happens with a too large value of j. Similarly,
P 0,
the second case is when (5) has only one solution and dVðcÞ
dc
8c 2 Rþ . Hence, for these two cases, V(c) attains its minimum at
c = 0, under which bandwidth provisioning has no practical meaning. Only when j is in a reasonable regime, in which there are two
real solutions to (5), the overall problem of bandwidth provisioning is practically meaningful. This case is illustrated in Fig. 1, where
the mean and the variance of the trafﬁc demand X is given as m = 5
and r2 = 1, respectively. Furthermore, j = 1 and the two solutions
to (5) is denoted by c*,1 and c*,2.
Now, we show that c*,2 in Fig. 1 is the unique minimizing solution of V(c). First, we obtain the value of c in Fig. 1 by solving

j 6 j.

Remark 1. Proposition 1 provides a useful guideline on whether
bandwidth provisioning is necessary or not. A SON does not need
to purchase any bandwidth if j > j. This indicates that the penalty
from link over-utilization is trivial compared to the bandwidth
cost. In practice, Proposition 1 may be a helpful guideline for a
SON provider to decide whether over-provisioning is necessary
or not.
From Fig. 1, we know that c*,1 < c < c*,2. If r/m  1, then c  m
and consequently c*,1 < m < c*,2. Accordingly, from Fig. 1, we know
that c*,2 is the unique optimal solution in [m,1]. We can conclude
that c*,2 is the unique global solution c* for maximizing E½W in the
practically meaningful parameter region of j, i.e., j 6 j. An algorithm to ﬁnd c* by a gradient method is given in Algorithm 1, in
which c is the step size and  is a pre-speciﬁed small positive
number.
2.4. General topology: approximate optimal solution
Now, consider a solution for a general topology. First, let Il(Yl) be
an indicator function for the link l with



Il ðY l Þ ¼

1 if Y l > cl ;
0 otherwise:

Then, we have

Is ¼ _ Il ðY l Þ;
l2LðsÞ



d V
dfX ðcÞ
¼

f
ðcÞ
þ
c
¼ 0:
X
dc2
dc
2

W
where l2L(s)Il: = I1 _ I2 _    _ IjL(s)j and _ denotes the logical OR
operation. Now,

Since dfX(c)/dc =  (c  m/r2)fX(c), c is the solution of c(c  m) = r2.
Hence, we have

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m þ m2 þ 4r2
c¼
:
2

W¼

X
s

¼

X

gsXs 

X

Ul ðcl Þ 

X

ps X s I s ;

s

l

2
3
X
X
_
gsXs  4
Ul ðcl Þ þ
ps X s
Il ðY l Þ5:

s

s

l

l2LðsÞ

The optimization problem becomes
4

maximize E½W ¼

X

g s X s  VðcÞ

s

subject to cl P mY l ;

8l 2 L;

hP
W
i
P
where VðcÞ :¼ E
, mY l ¼ E½Y l  ¼
l Ul ðcl Þ þ
s ps X s
l2LðsÞ I l ðY l Þ
P
s2SðlÞ mX s , and mX s ¼ E½X s . Hence, the maximization problem
becomes

3

2

minimize VðcÞ ¼

X

Ul ðcl Þ þ

l

X
s

2

ps E4X s

_

3
Il ðY l Þ5

l2LðsÞ

subject to cl P mY l ; 8l 2 L:
1

0
2

5

8

Fig. 1. Relation between the solutions c*,1 and c*,2 of dV(c)/dc = 0 and the pricing
parameter j.

Algorithm 1: Gradient algorithm to ﬁnd c*
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mþ m2 þ4r2
^c0
1:
2
2:
while jĉn+1  ĉnj >  do
ĉn  c(j  ĉnfX(ĉn))
3:
ĉn+1
4:
end while

ð6Þ
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M
We restrict our attention to the region of ½cm
l ; cl  for each link’s
m
M
bandwidth cl where cl ¼ mY l and cl is a sufﬁciently large number,
M
m
M
RjLj
then the domain of V(c) becomes A ¼ ½cm
þ.
1 ; c 1       ½cjLj ; cjLj 
We have the following result for the existence of the solution to
(6):

Proposition 2. If Ul(cl) is an increasing function in Rþ and
limcl !1 Ul ðcl Þ ¼ 1 for "l 2 L, there exists a vector c* 2 A such that
V(c*) = infc2AV(c). Furthermore, there exists a vector c* 2 A such that
rV(c*) = 0.
Proof. Since A is closed, we show that V is coercive. Let a sequence
{ck} denote an element of A such that kckk ? 1 as k ? 1. Then, for
ck ¼ ðck1 ;    ; ckjLj Þ, there exists i 2 L such that cki ! 1. Hence, for any
given large number K 1 2 Rþ , we can always ﬁnd j 2 L such that
Uj ðckj Þ > K 1 if k P N(K1). Since Vðck Þ P Ui ðcki Þ always holds for "
i 2 L, for any given K 1 2 Rþ , we have V(ck) > K1 if k P N(K1), i.e.,
limk?1V(ck) = 1. Hence, V is coercive. From the Weierstrass theorem [18], there exists a vector c* 2 A such that V(c*) = infc2 AV(c).
Furthermore, Since V is continuously differentiable in the compact
set A, c* = arg infc2AV(c) in Proposition 2 satisﬁes rV(c*) = 0 as the
ﬁrst-order necessary optimality condition [18]. h
Even though Theorem 2 guarantees the existence of the solution
to (6), it is a difﬁcult task to ﬁnd one in practice. The difﬁculty is
due to the fact that the bandwidth cost Ul(cl) is considered on
the basis of a link while the penalty XsIs is considered on the basis
of a source. Hence, we need to transform the penalty of each source
into that of each link. To this end, we introduce the following
approximation Îs for Is:

bI s ¼

X

Il ðY l Þ:

X

2

Ul ðcl Þ þ E4

X

X

2

Ul ðcl Þ þ E4

ps X s @

df ðxÞ
dx

Proof. From

xf ðxÞ ¼ r

1Þ
¼  ðxm
f ðxÞ, we have
r2
1

df ðxÞ
þ m1 f ðxÞ:
dx

2
1

Hence,

xf ðxÞ gðxÞ ¼ r21

df ðxÞ
þ m1 f ðxÞ
dx

gðxÞ;

df ðxÞ
gðxÞ þ m1 f ðxÞ gðxÞ;
dx
dðf ðxÞ gðxÞÞ
¼ r21
þ m1 f ðxÞ gðxÞ:
dx

¼ r21

By using the relationship d(f(x)*g(x))/dx =  (x  m)/r2(f(x)*g(x))
where m = m1 + m2 and r2 ¼ r21 þ r22 ,

r 2
1
xf ðxÞ gðxÞ ¼ ðx  mÞ
ðf ðxÞ gðxÞÞ þ m1 f ðxÞ gðxÞ;
r


r 2
1
¼ ðx  mÞ
þ m1 ðf ðxÞ gðxÞÞ;

r

¼

l

0
@Ul ðcl Þ þ

l

X

13

dhðxÞ
1
¼ 2
dx
r
1
¼ 2

1

r2

ðr21 x þ r22 m1  r21 m2 Þðf ðxÞ gðxÞÞ:

Il ðY l ÞA5;
3


dFðxÞ
;
dx

r21 x2  ðr21 m þ r21 m2  r22 m1 Þx
ð11Þ

2

by using dF(x)/dx =  {(x  m)/r }F(x). After some algebraic manipulation using (11), we can show that dh(x)/dx = 0 have real solutions
if

ps X s Il ðY l Þ5;
1

ps E½X s Il ðY l ÞA:

r21 FðxÞ þ ðr21 x þ r22 m1  r21 m2 Þ

ðs22 m1  s21 m2 Þm þ s21 s2 FðxÞ;

s2SðlÞ

X



r

l2LðsÞ

X X

l

X

0

s

l

¼

1
2
g(x). Then, dhðxÞ
dx < 0 in (a,1] where a ¼ 2 ð1  c Þm1 þ 2m2 þ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ

2
ðð1 þ c2 Þm1 Þ þ 4 r21 þ r22  and c ¼ ðrr21 Þ2 .

From h(x) = xf(x)*g(x) and F(x) :¼ f(x)*g(x),

Note that we will verify the effectiveness of (7) in Theorem 4 and 5.
^
Now, we approximate V(c) with VðcÞ
by using (7) as follows:

¼

Lemma 1. For two Gaussian pdf’s f(x) and g(x) with means and variances, ðm1 ; r21 Þ and ðm2 ; r22 Þ, respectively, let h(x) :¼ xf(x)*

ð7Þ

l2LðsÞ

^
VðcÞ
¼

for any s 2 S, where gS(l)n{j} is the convolution of all the fX l ’s,
l 2 S(l)n{j}. Note that gS(l)n{j} becomes the Gaussian distribution
b l ðcl Þ is convex in a
when fX s ’s are Gaussian. Now, we show that V
some suitable sub-domain D
A.

ð8Þ


1
max ðr21 m2  r22 m1 Þ; 0 6
2

s2SðlÞ

"

r21 m þ

#
ðr22 m1  r21 m2 Þ2 4r21 r2
:
þ
m
r21 m
ð12Þ

Here, Ul(cl) and Il(Yl) depend only on cl and (8) becomes

b ðcÞ ¼
V

X

Meanwhile, by the arithmetic–geometric mean inequality, the following inequality always holds:

b l ðcl Þ;
V

l

b l ðcl Þ ¼ Ul ðcl Þ þ P
where V
s2SðlÞ ps E½X s I l ðY l Þ. Consequently, we have

minimize

b ðcÞ ¼
V

X

b l ðcl Þ
V
ð9Þ

l

subject to cl P mY l ;

8l 2 L:

b l ðcl Þ is a function of cl only, the problem is separable.With
Since V
the same assumptions on Ul(cl) and fX s ðxs Þ as in the single-link
topology, the necessary optimality condition for minimizing
b l ðcl Þ can be obtained as
V

2
3


b l ðcl Þ
X 
dV
4
¼ /l  ps cl fY l ðcl Þ þ
pj  ps  cl fXj ðcl Þ g SðlÞnfjg ðcl Þ 5
dcl
j2SðlÞ;j6¼s
¼0

ð10Þ

½RHS ofð12Þ P



1
4r2 r2
;
2jr22 m1  r21 m2 j þ 1
2
m

P jr22 m1  r21 m2 j P ½LHS of ð12Þ;

ð13Þ

where RHS and LHS are the right hand side and the left hand side,
respectively. From (12) and (13), (11) gives

dhðxÞ
< 0 in ða; 1;
dx
where

a¼
¼



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

1
2
and c
ð1  c2 Þm1 þ 2m2 þ ðð1 þ c2 Þm1 Þ þ 4 r21 þ r22
2

r2 2
:
r1



b l ðcl Þ.
Now, we show the convexity of V
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Proposition
3. Let
us
denote
al;j ¼ 12 ð1  c2 Þmj þ 2ml;j þ
ﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


 2

2
ð1 þ c2 Þmj þ 4 r2j þ r2l;j 
cl;j ¼ rrl;jj ,
ml;j ¼
where
P
P
2
2
b
s2SðlÞnfjg ms , and rl;j ¼
s2SðlÞnfjg rs . Then V ðcÞ is convex in
M
D ¼ ½a1 ; cM
1       ½ajLj ; c jLj 
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
2
ml þ ml þ4rl
and cl ¼
.
2

jLj
Rþ

where

oRðcÞ
ocl

(iii)

6 0, "l 2 L.

6 K 2 min ðO1 ðcl Þ; O2 ðcl ÞÞ, "l
(iv) K 1 max ðO1 ðcl Þ; O2 ðcl ÞÞ 6 oRðcÞ
ocl
2 L, for some positive K1 and K2 that are independent of cl. Here,
ðcl mY Þ2
l
2r2
Yl



O1 ðcl Þ ¼ cl e

al = max(maxj2S(l)al,j,cl),

ðcl mY Þ2
l
2r2
Yl



, O2 ðcl Þ ¼ e

.

Proof.
Proof. Let pmin :¼ mins2Sps, then from (10), we have

"

b ðcÞ d2 V^l ðcl Þ
o2 V
pmin  2
¼
;¼ 
rY l  cl ðcl  mY l Þ fY l ðcl Þ
2
2
2
ocl
dcl
rY l

3
d cl fX s ðcl Þ g SðlÞnfjg ðcl Þ
X
5:
þ
ðpj  pmin Þ 
dcl
j2SðlÞ;j6¼s

(i) We have

b ðcÞ  VðcÞ; ¼ E
RðcÞ ¼ V



2
Yl

r  cl ðcl  mY l Þ < 0;

ð14Þ

ð15Þ

if cl > cl. From Lemma 1,



d cl fX s ðcl Þ g SðlÞnfjg ðcl Þ
dcl

<0

ð16Þ

if
c l > a l,j ,
where
al;j ¼ 12 ð1  c2 Þmj þ 2ml;j þ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


 2

P
2
r
ð1 þ c2 Þmj þ 4 r2j þ r2l;j , cl;j ¼ rl;jj , ml;j ¼ s2SðlÞnfjg ms , and
P
r2l;j ¼ s2SðlÞnfjg r2s . By considering (14)–(16) altogether,

ð17Þ

1

n
n
Y
X
ð1  ai Þ 6
ai ;
i¼1

i¼1

W
where 0 6 ai 6 1, i = 1,    ,n. Since Is ¼ l2LðsÞ Il ðY l Þ ¼ 1
P
Q
^
l2LðsÞ ð1  I l ðY l ÞÞ and I s ¼
l2LðsÞ I l ðY l Þ, by simply setting ai = Is
Q
in the Weierstrass product inequality, we have Is ¼ 1  l2LðsÞ
P
ð1  Il ðY l ÞÞ 6
Il ðY l Þ ¼ bI s .
l2LðsÞ

(ii) Similarly

as in (i), it is sufﬁcient to show that
limcl !1;8l2L ðbI s  Is Þ ¼ 0 with probability 1. When cl ? 1,
"l 2 L, we have Il(Yl) ? 0, "l 2 L with probability 1. Hence,
we have limc !1;8l2L Is ¼ limc !1:8l2LbI s ¼ 0 with probability 1.
l

Consequently, Il(Yl) ? 0, "l 2 L with probability 1.
(iii) For any given k 2 L(s),

Y

Is ¼ 1 

in [al,1], where al = max(maxj2S(l)al,j,cl). Also,

ð1  Il ðY l ÞÞ þ Ik ðY k Þ 

l2LðsÞ;l6¼k

b ðcÞ
o2 V
¼ 0;
ocl ocm

ð18Þ
2b

when l 6¼ m. Hence, from (17) and (18), r V ðcÞ is positive semidefM
RjLj
inite for all c 2 D where D ¼ ½a1 ; cM
þ . Conse1       ½ajLj ; c jLj 
b
quently, V ðcÞ is convex in D [18]. h
Remark 2. We further investigate the relation between A and D. If
we assume that rX s =mX s  1, which is reasonable for common trafﬁc demand, then we have cl  mY l and al;j  mY l , and consequently
D  A. The optimization problem (9) is virtually convex in A with
reasonable trafﬁc demand that satisﬁes rX s =mX s  1.
Remark 3. From Proposition 3, it is guaranteed that a gradient
algorithm based on (10) always converges to a global optimum of
(9) if the initial point is in D. Hence, we can obtain the approximate
optimal solution ^
cl ¼ ð^cl ; l 2 LÞ by solving (10) for each link separately. Even though a necessary optimality condition was derived
as a set of coupled equations in [8,9], it is non-trivial to solve these
coupled equations, and an iterative algorithm such as a gradient
method must be used to ﬁnd the optimal solution. In applying an
iterative algorithm to the optimization problem, the most critical
issue is its convergence. However, there was not enough information available on the problem structure such as convexity to guarantee the convergence of an iterative algorithm in [8,9].
Now, we derive several important characteristics that show the
effectiveness of the approximation (7).
b ðcÞ  VðcÞ, then we have
Proposition 4. Let RðcÞ :¼ V
(i) R(c) P 0, 8c 2 RjLj
þ.
(ii) limc?1R(c) = 0.

Hence, it is sufﬁcient to show that Îs  Is P 0 always
holds. We use the following Weierstrass product
inequality:

l

b ðcÞ
o2 V
P 0;
oc2l

#


^
ps X s I s  I s :

s

Also, fY l ðcl Þ > 0 for 8cl 2 Rþ and



"
X

Y

ð1  Il ðY l ÞÞ;

l2LðsÞ;l6¼k

and

bI s ¼

X

Il ðY l Þ þ Ik ðY k Þ:

l2LðsÞ;l6¼k

Hence,

0
bI s  Is ¼ Ik ðY k Þ@1 
Y

þ

1

Y

X

ð1  Il ðY l ÞÞA þ

l2LðsÞ;l6¼k

Il ðY l Þ  1

l2LðsÞ;l6¼k

ð1  Il ðY l ÞÞ:

l2LðsÞ;l6¼k

P
Q
Since
l2LðsÞ;l6¼k Il ðY l Þ  1 þ
l2LðsÞ;l6¼k ð1  I l ðY l ÞÞ has no dependency on ck, we have

RðcÞ ¼

Z X
X

ps xs þ Gðc1 ;    ; ck1 ; ckþ1 ;    ; cjLj Þ;

s

T
P
where X = l2LHl and Hl ¼ fx ¼ ðxs ; s 2 SÞj s2SðlÞ xs > cl g.
Since X is strictly decreasing for ck and G has no dependency
on ck, we have

oRðcÞ
ock

6 0.

(iv) From (10) and Lemma 1 together with the result in (iii), we
have

oRðcÞ
¼  k1;l cl fY l ðcl Þ þ k2;l fY l ðcl Þ ;
ocl

8l 2 L;

for some positive k1,l and k2,l that are independent of cl. After
some manipulation, we can show

km max ðO1 ðcl Þ; O2 ðcl ÞÞ 6

oRðcÞ
6 kM min ðO1 ðcl Þ; O2 ðcl ÞÞ;
ocl
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where
ðcl mY Þ2
l

2r2
Yl

ðcl mY Þ2
l

2r2
Yl

O1 ðcl Þ ¼ cl e
; O2 ðcl Þ ¼ e
2
minðk1;l ; k2;l Þ; and
km ¼ pﬃﬃﬃﬃﬃﬃﬃ
2prY l
2
maxðk1;l ; k2;l Þ:

kM ¼ pﬃﬃﬃﬃﬃﬃﬃ
2prY l

estimation approach such as the Parzen window method [19] for
the pdf fY l ðyl Þ more accurately.

;
3. Numerical results

Proposition 5. Let c* and ^
c denote solutions to rV(c) = 0 and
b ðcÞ ¼ 0, respectively. Then, we have ^
rV
c.
c
b l ðcl Þ is strictly decreasing in ½al ; ^c 
Proof. First, for any cl, "l 2 L, V
l
and strictly increasing in ½^cl ; cM
l  from Proposition 3. Hence,
ob
V ðcÞ
ob
V ðcÞ
oVðcÞ
ob
V ðcÞ
oRðcÞ
^
^
6 0 in ½cm
l ; cl  and oc P 0 in ½c l ; 1. Since oc ¼ oc  oc ,
oc
l

l

l

l

l

b
b
¼ o VocðcÞ jcl ¼c  oRðcÞ
jcl ¼c ¼ 0: Hence, o VocðcÞ jcl ¼c ¼ oRðcÞ
jcl ¼c 6 0
oc
oc

oVðcÞ
j
ocl cl ¼cl

l

l

l

l

l

l

l

l

^
from Proposition 4 (ii). Consequently, cl 2 ½cm
l ; cl , and we have
cl 6 ^cl . h
From Proposition 4, we can know that R(c) decreases very fast
when c is near cm :¼ ðcm
l ; l 2 LÞ and changes very slowly as cl
? 1,"l 2 L. Consequently, from Proposition 4 together with Proposition 5, we can expect that the approximate optimal solution will
give slightly larger bandwidths than the optimal values under a
reasonable parameter region. This is a desirable property in a conservative viewpoint.
Also, ^
c can be used for further reﬁnement of the solution, i.e.,
we can ﬁnd a better solution by restricting our attention to the domain of D0 ¼ ½^c1  1 ; ^c1       ½^cjLj  jLj ; ^cjLj  where l,"l 2 L, are
small positive numbers.
As a special case of the problem, if we assume that all the
sources are equally treated, i.e., p1 = p2 =    = pjSj :¼ p, then (10)
becomes

b l ðcl Þ
dV
¼ /l  pcl fY l ðcl Þ ¼ 0:
dcl

ð19Þ

From Proposition 3, we have the following corollary:
Corollary 1. When ps = p,"s 2 S, there exists a unique vector ^
c 2A
M
M
b
b
^
such that V ðc Þ ¼ minc2A V ðcÞ in B ¼ ½c1 ; c1       ½cjLj ; cjLj  where
pﬃ
m þ ðm2l þ4r2l Þ
cl ¼ l
.
2
b ðcÞ ¼ P V
b
Proof. When ps = p, "s 2 S, from (9), V
l l ðcl Þ where
R1
b
b l ðcl Þ ¼ Uðcl Þ þ
y
f
ðy
Þdy
.
From
Section
2.3,
V
ðc
V
l l Þ is convex
l Yl
l
l
cl
pﬃ 2 2
mþ ðm þ4r Þ
when cl P c ¼
. Since the sum of a convex function is
2
b ðcÞ is convex. Hence, minc V
b ðcÞ has a unique solution ^
convex, V
c
in B. h
b ðcÞ in B when ps = p,"s 2 S.
Corollary 1 shows the convexity of V
In fact, from the analysis of the single-link topology in Section 2.3,
b l ðcl Þ has a unique solution ^cl 2 ½cm ; cM . Hence, minc V
b ðcÞ has
mincl V
l
l
a unique solution ^
c in A when ps = p,"s 2 S.
The overall provisioning algorithm can be summarized as a
ðkÞ

pseudo code in Algorithm 2, in which xs
ðkÞ
xs

is the realization of Xs

ððk1ÞMþ1Þ

ðkMÞ

¼ ðxs
;    ; xs Þ, x(k) is
ðkÞ
the collection of all the xs ’s, s 2 S, and ^f X ¼ ð^f X s ðxs Þ; s 2 SÞ. In the
algorithm, it could be a potential issue how to construct the pdf
estimate ^f X based on the previous data. Here, we simply assume

in the k-th macro interval, i.e.,

^ Y l and the varthe Gaussian pdf and use the estimate of the mean m
^ Y based on yðk1Þ to construct ^f Y ðy Þ for the k-th macro-time
iance r
l

l

l

l

interval. For a non-Gaussian case, we can apply an general

In this section, First, we verify the performance of the optimal
solution in a single-link topology. Then, we give numerical results
on various topologies to demonstrate the effectiveness of the
approximate solution. Finally, we give simulation results that validate the performance of the robust estimator.
Algorithm 2: Bandwidth provisioning
algorithm for each line
1:

for Each k-th macro
interval do
Construct ^f X
based on x(k)
Solve (10) for ^cl
^cl
cl
end for

2:
3:
4:
5:

3.1. Single-link topology
Here, we deal with the single-link topology to show the performance of the proposed algorithm.
3.1.1. Single-link topology: effects of parameters on E½W
We have conducted simulations to show the effects of parameters on the expected net revenue E½W and to compare the performance of the algorithm in Fig. 1 with that of the adaptive online
bandwidth provisioning algorithm (ABP) in [8,9]. Here, we have
adopted a single-link topology with a single trafﬁc source. We have
studied the effects of j and d on the expected net revenue E½W.
Fig. 2 show E½W as a function of the link bandwidth c for various
values of j and d. Here, E½W are average values over 10 macrotime intervals and M = 100. The trafﬁc demand X was generated
by the Gaussian distribution with (m = 10,r = md). From the ﬁgures, we know that the beneﬁt of the appropriate bandwidth provisioning increases as j decreases. For example, in Fig. 2, the
maximum value of E½W is smaller than 30 when j = 0.5, but larger
than 30 when j = 0.25. When j is ﬁxed, we know from Fig. 2 that c*
becomes larger as d increases. Hence, as long as j 6 j is satisﬁed,
we need to purchase more bandwidth to maximize the net revenue
as d increases.
3.1.2. Single-link topology: performance analysis under the Gaussian
demand
We have compared the performance of the proposed algorithm
in Fig. 2 with the ABP algorithm in a single-link topology. Unless
otherwise stated, we have set the values of parameters as follows:
g = 4, / = 1, and p = 2 for SON. In the ABP algorithm, we have set
X
H ¼ d10
e, if = ib = 0.3H, and gl = 1. Note that we have not taken
the link utilization threshold gl into account in the problem formulation, i.e., we have implicitly assumed that the target utilization
threshold gl = 1 without loss of generality.
We compare the average net revenues of the proposed algorithm and the ABP algorithm. First, we derive the theoretical maximum value of the expected net revenue W max :¼ maxc E½W, which
can be used as an upper bound of W. The penalty term in Wmax can
be expressed with c ¼ arg maxc E½W as follows:

Z
c

1

xfX ðxÞdx ¼ m þ r2 fX ðc Þ  mIc ;
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Fig. 2. Average revenue E½W vs. link capacity c for various values of the pricing parameter j.

where Ic ¼

Rc
0

fX ðxÞdx. Hence,

Vðc Þ ¼ /c þ p



r2 fX ðc Þ þ mQ

c m

r

in one macro-time slot, i.e., M = 100 in our simulations. Consequently, the errors caused by pdf estimation will become larger
and the performance of the proposed algorithm will degrade as d
increases.


;

where Q(x) is the Q-function of the Gaussian distribution. Thus,
Wmax is

W max



c m
¼ m g  pQ
 /c  pr2 fX ðc Þ:

ð20Þ

r

From (20) together with (5), we can obtain the upper bound on the
expected net revenue E½W.
Fig. 3 shows the average net revenues of the proposed algorithm and the ABP algorithm. The maximum bound obtained from
(20) is included for comparison. In this simulation, the trafﬁc demand X follows the Gaussian distribution with (m = 100, r = md).
Fig. 3 shows that the net revenue of the proposed algorithm is larger than that of ABP for the entire range of d, which conﬁrms that
the proposed algorithm outperforms ABP in terms of the net revenue. Note that the difference between the net revenue of the proposed algorithm and the maximum bound gets larger as d
increases. The reason is as follows: The proposed algorithm estimates the distribution of the trafﬁc demand based on the data in
the previous macro-time interval. However, the size of data used
for each pdf estimation is ﬁxed to the number of micro-time slots

300

Bound
ABP
Proposed

3.1.3. Single-link topology: performance analysis under various cases
of trafﬁc demand
We have performed numerical studies for various cases of different trafﬁc demand. The trafﬁc demand follows the Gaussian distributions with (m = 100,r = 10 + 5(i  1)) and (m = 100 + 20(i  1),
r = 10 + 2(i  1)), for the i-th macro-time slot, in Cases 1 and 2 of
Table 1, respectively. So far, we have only considered the cases of
the Gaussian trafﬁc demand. Thus, we have performed simulations
with the heavy-tailed distribution in Cases 3 and 4 of Table 1. In
Case 3, the trafﬁc demand distribution is a single Pareto distribution with the shape parameter a ¼ 53 and the scale parameter
b = 40. Further, in Case 4, we have taken into account an aggregation of ten Pareto sources. The mean of each source is set to 10, and
the shape and the scale parameters for the i-th source are set to
10
i
a ¼ 102d
i e and b ¼ 2d2e, respectively. Table 1 shows that the net
2
revenue of the proposed algorithm is larger than that of ABP for
all the cases. It also shows the relative gain, which is the ratio of
the net revenues between the proposed algorithm and ABP. Especially, in Case 3, the proposed algorithm shows outstanding performance improvement compared to ABP. Hence, we can expect that
the proposed algorithm works well in bursty trafﬁc demand.
3.2. More general topologies
Now, we consider more general topologies such as a two-link
topology, a parking-lot scenario, and a tree topology.

250

3.2.1. Illustrative example: a simple two-link topology
We need to verify the accuracy of the approximate optimal
solution obtained from (10). For this purpose, we introduce a
simple, yet illustrative two-link network. Consider a network with
two successive links, l1 and l2 as in Fig. 4. Let X1 and X2 denote two

200

Table 1
Average net revenue E½W for various trafﬁc demand distributions

150
0

0.1

0.2

0.3

0.4

0.5

Fig. 3. Average net revenues for ABP, the proposed algorithm, and the theoretical
maximum bound with respect to d, the ratio of the standard deviation to the mean
of trafﬁc demand, i.e., d = r/m.

ABP
Proposed
Relative gain

Case 1

Case 2

Case 3

Case 4

186
214

349
435

82
116

138
157

115%

125%

141%

114%
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Fig. 4. A two-link topology.

trafﬁc ﬂows, each of which traverses L(s1) = {l1,l2} and L(s2) = {l2},
respectively. The net revenue W is

W ¼ g 1 X 1 þ g 2 X 2  ð/1 c1 þ /2 c2 Þ  ðp1 Z 1 þ p2 Z 2 Þ:
Here, Z1 = X1I1(X1,X2) and Z2 = X2 I2(X1,X2) where I1(X1,X2) and I2(X1,
X2) are indicator functions as follows:

I1 ðX 1 ; X 2 Þ ¼



1 if X 1 P minðc1 ; c2  X 2 Þ;
0

otherwise;

and


I2 ðX 1 ; X 2 Þ ¼

1 if X 2 P c2  X 1 ;
0 otherwise;

Now, we show numerical results with the following trafﬁc demand: X s Nðms ; r2s Þ, s = 1,2 where m1 = 103, m2 = 2  103 and
r1 = 100, r2 = 250. The values of parameters used in the simulation
are /1 = /2 = 1 and p1 = 3.0, p2 = 1.5. The optimal bandwidth and
the corresponding V are c ¼ ðc1 ; c2 Þ ¼ ð1177; 3604Þ and
V(c*) = 4.853  103 while the approximate solution and the correc Þ ¼ 4:854  103 . Hence,
sponding V are ^
c ¼ ð1177; 3605Þ and Vð^
we know that the proposed approximate problem gives a very
accurate solution to the original problem. From Fig. 5, we can also
verify that the approximation error decreases very fast the link
c in Fig. 5 (b) as ‘o’ and
bandwidths increases. We specify c* and ^
b is negligible near c*
‘x’, respectively. As shown in Fig. 5 (b), V  V
and ^
c.
3.2.2. Parking lot scenario
Now, for further investigation on the performance of the proposed algorithm, consider the so called ‘‘parking lot” scenario in
Fig. 6. There is a trafﬁc source traversing all the links in an endto-end manner. Each link also has one cross trafﬁc which uses that
link only. We obtain the approximate optimal solution by solving
(10) with a gradient algorithm. For comparison, we also derive
the optimal solution by numerical enumeration. The values of
parameters used for simulations are as follows: /l = 1 for all l 2 L,

respectively. The objective function becomes

minimize Vðc1 ; c2 Þ ¼ /1 c1 þ /2 c2 þ E½p1 Z 1 þ p2 Z 2 
subject to cl P mY l ; l ¼ 1; 2:
By introducing (7), we have the following approximate objective
b:
function V

b ðc1 ; c2 Þ ¼ / c1 þ / c2 þ p1
V
1
2

Z

1
c1

x1 fX1 dx1 þ

Z

1

0

Z

1

ð p 1 x1

Fig. 6. A parking lot scenario.

c2 x2

þ p2 x2 ÞfX 1 dx1 fX2 dx2 :
The necessary optimality conditions are

Table 2
Performance of the proposed algorithm under parking lot scenarios

b
oV
¼ /1  p1 c1 fY 1 ðc1 Þ ¼ 0;
oc1
b
oV
¼ /2  p2 c2 fY 2 ðc2 Þ  ðp2  p1 Þ c2 fX 1 ðc2 Þ fX 2 ðc2 Þ ¼ 0;
oc2
where Y1 = X1 and Y2 = X1 + X2. Hence, fY 1 ¼ fX1 and fY 2 ¼ fX 1

jLj c*
3
4
5

fX 2 .

^
c

Relative error in %
(¼ ð^
c  c Þ=c )

(23.1,23.5,23.2)
(23.5,23.7,23.5)
(1.73,0.85, 1.29)
(23.6,23.1,23.5,23.5)
(23.7,23.5,23.6,23.6)
(0.42,1.73,0.43,0.43)
(23.5,23.2,23.5,23.5,23.3) (23.7,23.4,23.6,23.7, 23.4) (0.85,0.86,0.43,0.85,0.43)
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region, the approximate optimal solution is shown to be slightly
larger than the optimal solution. We further extended the problem
and derived a ﬁrst-order necessary optimality condition for nonstationary trafﬁc demand. Finally, to incorporate the dynamic
bandwidth provisioning, we introduced a robust estimator for
non-stationary trafﬁc demand.
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R1

S1

R3

S2

R4
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Fig. 7. A tree topology.

ps = 3, ms = 10, rs = 1 for all s 2 S, and c = 0.5,  = 0.001. From Table
2, we can see the effectiveness of the proposed algorithm. The error
of our solution is less than 2% in all the cases.
3.2.3. Tree topology
To consider a more practical situation, we adopt the same tree
topology in [8], which is shown in Fig. 7. There are four trafﬁc
sources si, i = 1,2,3,4, each of which traverses route Ri, i = 1,2,3,4,
as given in Fig. 7. For each source i, Xi follows the Gaussian trafﬁc
distribution with the mean of m = 100, and r is set to 10 for s1
and s2, and 20 for s3 and s4. In this simulation, we set gs = 10 and
ps = 2 for all s as in [8,9]. The simulation is performed for 10
macro-time intervals. The average net revenue of the proposed
algorithm is 2107 and that of ABP is 1906. Hence, the proposed
algorithm gives 14% more net revenue than ABP.
4. Conclusion
In this paper, we studied the problem of revenue optimization
via bandwidth provisioning in SON. We rigorously formulated
the problem in an optimization framework taking into consideration the stochastic processes involved. First, we derived a necessary and sufﬁcient optimality condition in a single-link topology
and suggested a gradient algorithm for obtaining the optimal solution. Then, we showed that the problem in a general topology can
be nicely approximated by a separable convex optimization problem. The convergence of a gradient algorithm was guaranteed by
the convexity of the approximate problem. Also, the curse of
dimensionality problem was circumvented by the separability of
the problem. We further derived several important characteristics
of the objective function, which helps to show the effectiveness of
the approximate optimal solution. In a reasonable parameter
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